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SHIFTED DOUBLE LIE-RINEHART ALGEBRAS

JOHAN LERAY

ABSTRACT. We generalize the notions of shifted double Poisson and shifted double Lie—
Rinehart structures, defined by Van den Bergh in [31, 32], to monoids in a symmetric
monoidal abelian category. The main result is that an n-shifted double Lie-Rinehart
structure on a pair (A, M) is equivalent to a non-shifted double Lie-Rinehart structure
on the pair (A4, M[—n]).
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1. Introduction

1.1. NONCOMMUTATIVE GEOMETRY. In algebraic geometry, a commutative algebra C'
over a field k corresponds to an affine scheme Spec(C'), via the functor of points. The
scheme Spec(C) is the geometric object associated to its algebra of functions C. Work-
ing in noncommutative geometry, a natural question arises: for a noncommutative al-
gebra A, which is viewed as an algebra of noncommutative functions, what is the ge-
ometric object associated to A? Recently, Kontsevich and Rosenberg have proposed a
new approach to answer this question (see [18]). They consider the family of schemes
{RepV(A)//GL(V)}V, the moduli space of representations of A, as successive approx-
imations of a hypothetical noncommutative affine scheme "NCSpec(A)". The scheme
Repy (A) is affine, i.e. there exists a commutative k-algebra, denoted by Ay, such that
Repy (A) = Spec(Ay ). The quotient Repy-(A4)//GL(V) corresponds to taking A“L(V) the
invariant part of the algebra Ay for the action by conjugation of GL(V).

This article is a part of the PhD thesis [20] of the author, which was supported by the project "Nou-
velle Equipe Topologie algébrique et Physique Mathématique", convention n°2013-10203/10204 between
La Région des Pays de la Loire and the University of Angers. The author is indebted to G. Powell who
carefully read and corrected the two first versions of this paper.

Received by the editors 2019-10-18 and, in final form, 2020-04-27.

Transmitted by Ieke Moerdijk. Published on 2020-04-30.

2020 Mathematics Subject Classification: 14A22, 18M85, 18 MO05.

Key words and phrases: Noncommutative geometry, Double Poisson algebra, Double Lie—Rinehart
algebra.

(© Johan LERAY, 2020. Permission to copy for private use granted.

294



SHIFTED DOUBLE LIE-RINEHART ALGEBRAS 995

Kontsevich and Rosenberg assert that any (noncommutative) property of the non com-
mutative scheme "NCSpec(A)" associated to A should induce its commutative analogue
on Repy (A)//GL(V), for all V: this is the Kontsevich-Rosenberg principle. Following
this principle, many authors have developed noncommutative structures; the reader can
refer to [15] for such constructions in noncommutative geometry.

1.2. NONCOMMUTATIVE POISSON BRACKETS. It is natural to ask what a good definition
of a noncommutative Poisson structure. Recall that a Poisson bracket on an associative
commutative k-algebra B is a Lie bracket {—, —}: B® B — B which satisfies the Leibniz
rule {ab,c} = a{b,c} + {a,c}b for all a,b and ¢ in B. For noncommutative algebras,
this definition is too restrictive, as shown by [13, Th. 1.2|: for A, an associative algebra
with a noncommutative domain, i.e. [A, A] # 0, a Poisson bracket is the commutator, up
to a multiplicative constant. In [10], Crawley-Boevey gives the minimal structure on an
associative algebra A which induces a Poisson bracket on ASL(V) for all V', which he calls
an Ho-Poisson structure. An Hy-Poisson structure on A is a Lie bracket (—, —) on A; =
A/[A, A] such that, for all @ € A (with class a in Ay), the application (a, —): A, — A,
is induced by a derivation d,: A — A. Crawley-Boevey shows that, if A is a Hy-Poisson
algebra, then there exists a unique Poisson structure on AgL(V) that is compatible with
the trace morphism for all V' (see [10, Th. 1.6]).

However, there are few examples of Hg-Poisson structures which do not arise from a
richer structure. A good example of such a structure is a double Poisson bracket, defined
by Van den Bergh in [31]. A double Poisson bracket on an associative algebra A is a
morphism

- % A4 — A®A
a®b +— {{a, b} ® {{a, 0}

(using Sweedler’s notation) which is antisymmetric, i.e. for all elements a and b in A,
{a, b} = —{b,a}}” @ {b,a}}’, which is a derivation in its second variable and satisfies
the double Jacobi relation (see definition 3.10). There are lots of examples. In [30], Van
de Weyer studies double Poisson brackets on semi-simple algebras of finite dimension.
However, that double Poisson structures are best suited to the noncommutative world:
for example, in [26], Powell shows that any double Poisson bracket on a free commutative
algebra with at least two generators is trivial. Van den Bergh shows that (see [31, Lem.
2.6.2]) a double Poisson bracket (A, {{—, —}}) induces a Ho-Poisson structure on A, where
the Lie bracket {—,—}, is induced by {—,—}; == po {—,—}}, with p the associative
product on A. Double Poisson brackets are connected with many mathematical areas, as
we’'ll now see.

In symplectic geometry, one can associate to an exact symplectic manifold M its
Fukaya category Fuk(M) (see [5]). For an exact symplectic 2d-dimensional manifold,
with vanishing first Chern class, Chen et al. show in [7, Th.17] that the linear dual of
the reduced bar construction of Fuk(M) has a naturally defined (2 — d)-double Poisson
bracket. This implies that the cyclic cohomology HC®(Fuk(M)) has a (2 — d)-Lie bracket,
an analogue of the Chas—Sullivan bracket in string topology (see |7, Cor. 19]).
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To a finite quiver Q (see [9]), Van den Bergh showed that the algebra kQ of the double
quiver @, has a natural double Poisson bracket (see [31]) which induces the Kontsevich
Lie bracket on (kQ)y.

Other examples are related to loop spaces of manifolds with boundary (see [23], [24]),

the Kashiwara-Vergne problem (see [1]), and noncommutative integrable systems (see
11, 12, 4, 3)).

1.3. IN THIS ARTICLE. This paper is in two parts. In the first, we extend the definition of
a shifted double Poisson algebra to monoids in an additive symmetric monoidal category
(C,®). For ¥ an element of the Picard group of C and A an associative monoid in C, a
Y-double Poisson bracket on A is a morphism

(- -} SA®YA —TA® A

where YA = ¥ ® A, which satisfies the antisymmetry and derivation properties (see
definition 3.3) and the double Jacobi identity (see definition 3.10).

In the second part, we study a particular type of double Poisson algebras called linear
double Poisson algebras. They correspond to double Lie-Rinehart algebras (called double
Lie algebroids by Van den Bergh in [31, Sect. 3.2|), which are a noncommutative version
of Lie-Rinehart algebras (see |2, 14]). The principal result of this paper is the shifting
property of double Lie-Rinehart algebras:

1.4. THEOREM. |[cf. Theorem 5.2] Let C be an additive symmetric monoidal category C,
with unit 1, a monoid A, an A-bimodule M and Y an invertible object in C. The following
assertions are equivalent:

1. (A, M, par, {—, — B ) s a X-double Lie—Rinehart algebra;
2. (A, XM, psa, {—, —Pem) is a 1-double Lie-Rinehart algebra.

There is an equivalence of categories
Y-DLR4 2 1-DLRy,

with X-DRLy, the category of X-double Lie—Rinehart algebras over the associative alge-
bra A.

This theorem is a first step to understand properadically what is a shifted double
Poisson algebra. (see subsection 5.1)

An example of a double Lie—Rinehart algebra is given by Van den Bergh in [31, App.
A]: the Koszul double bracket. We extend this example to the general case of a monoid
in an additive symmetric monoidal category (without shifting):

1.5. THEOREM. |[cf. Theorem 5.9] Let A be a ¥.-double Poisson algebra in an additive sym-
metric monoidal category (C,®,7) with enought coequalizers. The free A-algebra T AQx
is a linear X-double Poisson algebra (see proposition 5.6 for the definition of Q4 ).
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2. Notation and algebraic background

2.1. SYMMETRIC MONOIDAL CATEGORY. We recall some classical material about monoidal
categories: see [6, section 6| for more details.

We consider (C, ®), an additive category with monoidal structure ®, unit 1 and such
that the bifunctor — ® —: C x C — C is additive in each entry. We assume that (C, ®)
is symmetric for the natural transformation 7 i.e., for all objects A and B in C, we have
the isomorphism 74 5 : A ® B — B ® A which satisfies 75 474 p = idagp. We say that
the category C is closed, if for every object C in the category C, there exists a functor
hom(C, —) which is the right adjoint of — ® C' :

—®C: C—= C: hom(C,—) .

Throughout this paper, we fix X, an invertible object for the tensor product in C, with
inverse X~ and an isomorphism p: ¥~ ® ¥ — 1. By the symmetry of C, we also have the
isomorphism prgy-: X ® X7 = 1. In particular, ¥ induces the functor ¥ ® —: C — C
which is an equivalence of categories. For all objects C' in the category C, we denote by

YC=YXC

its image by this functor. We denote by As(C) the category of associative monoids in C :
objects in As(C) are objects A € C with an associative product p: A® A — A, and, for
two monoids A and B, Homagc)(A, B) is the set of monoid morphisms.

To illustrate these notions, we recall the following classical example.

2.2. EXAMPLE. Take C to be the category Ch; of Z-graded chain complexes over a field
k. Omne can equip it with the monoidal structure ® given by the tensor product of
complexes and the symmetry given, for homogeneous elements a € A and b € B, by
Ta5(a®b) = (—1)19tlp @ a, where |a] is the degree of A. Take ¥ to be the chain complex
k, concentrated in degree r, for r a fixed integer, so that (XA), = A,_, =: A[—r]. The
monoidal category (Chy, ®y) is closed (see [34] for details). The category As(Chy) is the
category of differential Z-graded algebras, denoted DGAy.

2.3. A-BIMODULE STRUCTURES ON A ® A. Fix A and B, two associative monoids in
C. The monoidal structure on A and B induce a monoidal structure on A ® B. We
define A°, the opposite monoid of A, to be given by the same object but with the product
fao = paoTa . We have the usual notion of left (respectively right) modules over A: we
denote by A-Modc (resp. Modc-A) the category of left A-modules (resp. right A-modules)
in the category C. There is an equivalence of categories Modc-A = A°-Modc.

We denote by (A, B)-Bimodc := A-Modc-B, the category of (A, B)-bimodules in C,
which is equivalent to (A ® B°)-Modc. For M an (A, B)-bimodule and X and Y two
objects in C, the product X ® M ® Y is also an (A, B)-bimodule by the symmetry of
C. Fix two (A, B)-bimodules M and N: the product M & N has a structure of (A, B)-
bimodule, called the external one, given by the left A-action on M and the right B-action
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on N. M®N also has an internal (A, B)-bimodule structure, given by by the left A-action
on N and the right B-action on M.

When A = B, we denote by A-Bimodc, the category of (A, A)-bimodules (A, A)-Bimodc.
We denote by A°, the monoid A ® A°, so that the category A-Bimodc is equivalent
to A°-Modc. The symmetry of the category C gives us the isomorphism of monoids
Taa » A° = (A°)°. The monoid structure of A ® A° gives a canonical structure of A°-
bimodule on X1 A ® YA for all X1, Y5 in C, i.e. two A-bimodule structures (we implicitly
use the isomorphism (A€)° = A°):

1. the external structure given by
,uz I:(ElA & EQ,U) : (ZlA & EQA) RA— ElA X EQA,
A =(E1p @A) (Tay, ® AR EA) : AR (1A R 3A) — AR XA,
2. the internal structure given by
/’L%A ::(El,u & 2214)(2114 & 7'2214714) : (ZlA (24 ZQA) ®RA— EIA X ZQA,
A[,Li Z:(ElA & ZQM)(TA721A22 ® A) CA® (ElA X EQA) — ZlA & EQA

2.4. REMARK. Let ¥ an invertible object in C with the isomorphism p : ¥~ ® X — 1
and A be a monoid in C. The functor ¥ ® — : C — C induces an equivalence of categories
Y ® —: A-Mod¢ — A-Modc.

2.5. EXAMPLE. As in example 2.2, we consider the category of chain complexes Chy. Let
(A, 1) be an associative monoid in Chg, i.e. a differential graded algebra. Fix r € Z, we
note s the generator of the chain complex equal to k concentrated in degree r (so |s| = r);
we note sa an element of A[r].

1. The external A-bimodule structure on AR A is given by the following two morphisms:

pG: Arl@ Alrl@ A —  Alr] @ Alr],
aps: A Alr] @ Alr] —  Alr] ® A[r],

where, for homogeneous elements a,b and ¢ € A,
15 (sa @ sb @ ¢) = sa @ sp(b, ¢) and  4pf(c ® sa ® sb) = (—1)4sp(c, a) @ sb.

2. The internal A-bimodule structure on A® A is given by the following two morphisms:

as Alrf@ Af@ A — Alr]® Alr],
apt AQ Alrl @ Alr] —  Alr] ® Alr],

where, for homogeneous elements a,b and ¢ € A,

1y (sa®sb@c) = (—=1) 4 g (a, ¢)@sband 4p'(c®sa®@sb) = (—1)sa@spu(e, b).



SHIFTED DOUBLE LIE-RINEHART ALGEBRAS 599
3. Y-double Poisson algebras

In this section, we extend constructions given by Van den Bergh in [31] to a general
categorical framework. As in section 2, we consider (C, ®) a symmetric monoidal additive
category and we fix > an invertible object in C with the isomorphism p: ¥~ ® ¥ — 1 and
(A, 1) a monoid in C.

3.1. X-DOUBLE BRACKET. We recall that a morphism ¢: A — M in C between an algebra
(A, 1) and an A-bimodule (M, pia,ap) is a derivation if pu = pa(¢ @ A) +4 n(A® ¢). We
denote by Der(A, M) (resp. Der(A)) the abelian group of derivations between A and M
(resp. between A and itself).

3.2. REMARK. If the category C is closed, we can internalize the notion of derivation, so
that Der(A, M) is an object of C. For example, for a differential graded algebra A and an
A-bimodule M in Chy, the group Der(A, M) extends to a chain complex.

3.3. DEFINITION. [X-shifted double bracket| Let (A, i) be a monoid of (C, ®). A X-shifted
double bracket or X-double bracket on A is a morphism

f={--}ZA®3XA — AR A,

represented by the directed coloured graph

T

where the direction is from top to bottom and where blue edges represent the suspension
Y. The X-double bracket f

o is antisymmetric if {—,—}} = —S7aa{—, —Pr=asa, ie. in terms of directed

graphs:

e is a left derivation if the double bracket f is a derivation in its first variable for the
internal A-bimodule structure of XA ® A, i.e.

fEp@RA) =, ' (A® f)(toa @ AR TA) + 1y (f @ A)(ZA @ Taza).

This property can be described in terms of directed graphs:

If ¥ =1, a X-shifted double bracket is just called a double bracket.
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3.4. DEFINITION. [Compatible morphism| Let (L, {—, —}.) and (H,{—, —}} 1) be two
objects of the category C, each equipped with a ¥-double bracket. A morphism ¢: L — H
of Cis said to be compatible with the 3-double brackets if the following diagram commutes:

SLoNL 2 s H o vl

{7}Ll @) L{»}H

¢
3.5. REMARK. Suppose that (A, u,t) is a monoid with unit ¢: 1 — A in the category
C, with a Y-double bracket f which is a left derivation. Then, as the following diagram
commutes
19154 A
%L O lﬂ

1 A,

the morphism 1 ® A M A® A is trivial.

3.6. PROPOSITION. Let (A, ) be a monoid of the category C, with an antisymmetric
Y-double bracket f which is a left derivation. Then, the X-double bracket f is also a
right derivation, i.e. it s a derivation in its second variable for the external A-bimodule
structure of YA ® A. In terms of directed graphs:

R

3.7. DEFINITION. [Double Jacobiator| Let A be an object of the category C, with a X-
double bracket f = {—, —}}: YA® XA - YA ® A. The double Jacobiator associated to
f is the morphism

DIf={-— -} YA®YAR®REA YA AR A
defined by
= = =+ E7aaeal{—, — —himsassasa + Xraga {— — — iTsanaeza
where {—, —, =} = (f ® A)(EA ® f); we can describe the double Jacobiator diagram-

matically by the following sum of directed graphs:
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3.8. REMARK. The double Jacobiator is stable under the diagonal action of Z/3Z, i.e.
DJ; = X74404 0 DJf 0o Tsagsaxa.

3.9. DEFINITION. [X-double Lie algebra| Let L be an object of the category C, with an
antisymmetric ¥-double bracket f = {—, —}}: X L® XL — YL ® L. The double bracket
f is a X-double Lie bracket if the associated double Jacobiator vanishes, i.e. DJy = 0. In
this case, we say that L is a Y-double Lie algebra. The category of ¥-double Lie algebras
in C is denoted by X-DLiec; its morphisms are the morphisms of the category C which are
compatible with the X-double brackets (in the sense of definition 3.4).

3.10. DEFINITION. [The category ¥-DPoissc| Let A be an object of the category C. A
double Poisson structure on A is the data of a monoidal product u: A® A — A and a
Y-double Lie bracket f = {{—,—}}: YA® XA — YA ® A, which also satisfies the left
derivation property: such a Y-double bracket is called a X-double Poisson bracket and A
is a X-double Poisson algebra in the category C.

Let (A, fa) and (B, fg) be two 3-double Poisson algebras and ¢: A — B a morphism
in C. The morphism ¢ is a X-double Poisson algebra morphism if ¢ is a monoid morphism
and a Y-double Lie morphism. We denote by >-DPoissc the category of ¥-double Poisson
algebras in C, so that there are forgetful functors

¥.-DPoissc —» 3-DLiec and Y-DPoissc — As(C).

3.11. DEFINITION. [Left ¥-Leibniz algebra| Let L be a object in C, ¥ an invertible object
in Cand f: XL ® XL — X L. The pair (L, f) is a left X-Leibniz algebra if f satisfies the
Leibniz identity:

fEA® )= f(f @TA) + f(BA® f)(Toana ® DA).

3.12. PROPOSITION. [cf. [31]] Let (A,u) be a monoid in C equipped with a 3-double
Poisson bracket f. Then (XA, Xuf) is a X-left Leibniz algebra in C.

3.13. DOUBLE POISSON STRUCTURE ON A FREE MONOID. Fix (A, 1) a monoid in C and
M an A-bimodule. Recall that an A algebra is a monoid B in the category C equip with
a morphism of monoid A — B. We consider the free A-algebra on M:

Ta(M) = Ae P Mo
neN*

satisfying the following universal property: for an A-algebra B with an A-bimodule mor-
phism M — B, we have the following canonical extension

M B

Ta(M)

with ¢ an A-algebra morphism. There is a canonical inclusion A & M — ToM. Then,
we have the following result:
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3.14. LEMMA. Let A be a monoid and M be an A-bimodule. An antisymmetric X-double

bracket on T A(M) that satisfies the left derivation property is determined by its restrictions
to AR XA, XM ®@ XA and XM @ XM C T A(M) @ XT4(M).

Let A and M be fixed in C, with A a monoid, M an A-bimodule and let {—, —}} be
a X-double bracket on T 4(M). We will define three classes of Poisson double brackets on
T 4(M) using the terminology of [25].

3.14.1. CONSTANT DOUBLE BRACKETS.

3.15. DEFINITION. [Constant double Poisson bracket] The double bracket {—,—}} is a
constant Poisson double bracket if its restrictions to YA ® ¥ A and XM ® XA vanish and
if its restriction to XM ® XM takes values in YA ® A, i.e. {{—, —}} is completely defined

by the morphism
{—,-}:EMREXM — YAR A.

3.16. EXAMPLE. If A =1, a constant >-double Poisson bracket on Tq (M), corresponds
to an antisymmetric bilinear form on X M.

3.17. REMARK. This example should be compared to the commutative case: for every
finite-dimensional vector space V' of degree d, there is a natural one-to-one correspondence
between constant Poisson structures on V' and skew-symmetric matrices of size d (see [19,
Proposition 6.2]).

3.17.1. LINEAR DOUBLE BRACKETS.

3.18. DEFINITION. [Linear double Poisson bracket| The double bracket {—, —}} is a linear
Poisson double bracket if its restriction to > A ® XA vanishes and its restrictions to
YM ® 3A and XM @ XM take values respectively in YA ® A and X(M @ A® A M),
that is if {{—, —}} is determined by the morphisms

{— -} XMYXA—YA® A and
{(— -} ZMeXM — LMo A® A M) .

We denote by E—DPFreegn the category where objects are free A-algebras with a linear -
double Poisson bracket, the morphisms are >-double Poisson algebra morphisms induced
by an A-bimodule morphism.

3.19. EXAMPLE. [cf. |25, Sect. 2|| We consider {{—, —}}, a linear 1-double Poisson bracket
on Ty M, which is determined by morphisms f : MM — M®1 and g: M1 — 1®1.
By the derivation property of {—, —}}, the morphism ¢ vanishes and the double Jacobi
identity gives us the identity

prugien{{— — =Bl = 0;
so we have (f@ 1) (M ® f) — (. @ 1)(1 @ f)(f ® M) = 0, which is equivalent to

fIM & f)=f(f®M).
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This corresponds to an associative monoid structure on M (without unit). Futhermore,
we have the equivalence of categories

1-DPFree}™ = As(C).

3.20. REMARK. This example should be compared to the commutative case: for every
finite-dimensional vector space V, there is a natural one-to-one correspondence between
linear Poisson structures on V* and Lie algebra structure on V' (see [19, Proposition 7.3|).

3.20.1. QUADRATIC DOUBLE POISSON BRACKETS.

3.21. DEFINITION. [Quadratic double Poisson bracket| We say that {—, —}} is a quadratic
double Poisson bracket if its restrictions to ¥A ® ¥ A and ¥M ® XA are trivial and its
restriction to XM ® XM takes values in XM ® M, i.e. {—,—}} is determined by the
antisymmetric X-double bracket

{—, -} EMREM — XM @ M.

We denote by Y-DPFree?™! the subcategory of free A-algebras with a quadratic X-double
Poisson bracket, where morphisms are induced by A-bimodules morphisms.

3.22. PROPOSITION. The free associative functor Ty(—) induces an equivalence of cate-
gories
Ty(—): ©-DLiec — X-DPFree!™.

PROOF. We extend the Y-double Lie bracket by the derivation property. [

3.23. EXAMPLE. In [25, Sect. 2.1], Odesskii et al. give a complete classification of
quadratic double Poisson brackets on C(z,y) with |z| = |y| = 0.

3.24. EXAMPLE. In |27], Sokolov gives a complete classification of quadratic double Pois-
son brackets on C(z,y, z) with |z| = |y| = |2| = 0.

4. Double Lie-Rinehart algebras

In this section, we extend the notion of a double Lie-Rinehart algebra, first defined by
Van den Bergh in [32], which is a noncommutative version of a Lie-Rinehart algebra.

4.1. RECOLLECTIONS ON LIE-RINEHART ALGEBRAS. For a more complete exposition,
the reader is refered to [17], [22, Sect. 13.3.8] and [14, Sect. 5.1.2].

4.2. DEFINITION. [Lie-Rinehart algebra| Let (C, ®, 7) be an additive symmetric monoidal
category and A a commutative monoid in C. A Lie algebra (g, [—, —]) is a Lie—Rinehart
algebra over A if g is an A-module for qu: A®g — g, A is a g-module for p: g A — A
(which is called the anchor) and these module structures are compatible, i.e. satisfy the
following properties.
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1. The Lie algebra g acts by derivations on A:
pop=puA®p)(rag®A) +ulpeA) .
2. The bracket and the anchor satisfy the Leibniz relation:
[— g ®ap) == —llp® @) +a(A® [-, —])(Tay ® g) .
3. The bracket and the anchor satisfy the compatibility relation in Hom(g®* ® A, A):
p([= —1®A) = plg® p) — p(g ® p)(7q ® A).

Let (M, py, [—, —|m) and (N, pn, [—, —]n) be two Lie-Rinehart algebras over A. An A-
module morphism ¢: M — N is a morphism of Lie—Rinehart algebras if ¢ is a Lie algebra
morphism.

4.3. REMARK. In the case where C is closed, condition 1 holds if and only if the anchor
corresponds to a morphism p* : g — Der(A). Then, condition 3 holds if and only if p* is
a Lie algebra morphism.

For examples, the reader is refered to [17, Ex. 1.3.3] or [14, Chap. 5.
4.4. PROPOSITION. [cf. |22, Prop. 13.3.8|] Any Lie—Rinehart algebra (A, L) gives rise to

a Poisson algebra P = A ® L, where A @ L is the square-zero extension as algebra and
the operations p and {—,—} are as follows:

A9Ats A Ag Al

AL L, LoAdihg
LoL-*s0, LeoL L

Conversely, any Poisson algebra P, whose underlying vector space can be split as P =
A @ L and such that the two operations take values as indicated above, defines a Lie—
Rinehart algebra. The two constructions are inverse to each other.

4.5. REMARK. (cf. [33, Prop. 3.6.2]) This result is operadic. In fact, a Lie-Rinehart
algebra is an algebra over the two-coloured operad LieRin.

4.6. DOUBLE LIE-RINEHART ALGEBRAS. Now, we introduce the noncommutative ver-
sion of Lie-Rinehart algebras: double Lie-Rinehart algebras (called double Lie algebroids
by Van den Bergh in [32]; note that this notion is not related in any manner with those
of Mackenzie—Xu).
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4.7. NOTATION. Let A be a monoid in an additive symmetric monoidal category (C, ®, 7),
M and N two A-bimodules and ¢ : M — N a morphism of A-bimodules. We canonically
extend the morphism ¢ to an A-bimodule morphism ¢: AQMEMRXA — AQNSNRA
where the structures of A-bimodule are induced by those of M and N and such that the
restrictions to A ® M and M ® A are given by

Olasy =A®¢  and  ¢lues = o ® A.
Hereafter, we do not distinguish between ¢ and ¢.

4.8. DEFINITION. [X-Double Lie-Rinehart algebra| Let (A, i) be a monoid in an additive
symmetric monoidal category (C,®,7) and (M, ap, pa) an A-bimodule. We say that M
is a X-double Lie—Rinehart algebra over A if M is equipped with:

1. an A-bimodule morphism (called the anchor)
P EM®YA — YA A

(where, for the left term, the A-bimodule structure induced by that of M and, for
the right term, the internal structure) which is a derivation in the second input for
the external A-bimodule structure on the codomain;

2. a morphism
{— - SMYIM — LM AG AR M)

with components {{—, —}}lM = prsyea © {—, =Y and {—, - B = preagar o
{—, —BM; which satisfy the following conditions:

(Antisymmetry):
= 3oy = =S(na, Taa){— - B

The derivation property (Derivation): the first compatibility with the anchor: we
have the following commutative diagram

SM®S ap SM®Sua
Oz Pl

XM @YAR M XM @XM YM@YXM®A

\\\\\\\\s l{ﬂ_}M é////////
¢! @"

Y(M@A® AR M),
where

¢ =(SA®@ap)(p® M)

+(apM @ Aa ™t @ M) (A {—, =) (rempa @ M)
¢ =(SM @ 1, DA pa)({—, - M @ A)

+ (Zpa®@ A)(tus ® AR A)(M ® p)(Tsusu ® A) ;
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The anchor relation (Anchor): the second compatibility with the anchor: we have
the following relation in Hom(X A @ (X M)%? 3 A%3)

+ Toagzaxalp® A)(EM @ p)Tsasmenm
+ Teasaesalp ® A)(EM ® pr)Tsagsmsy =0

where p; = —(X744)pToasy : ZAREM - YA® A,

The double Jacobi identity (Double Jacobi): which is the following relation in
Hom((XM)®* XM @ A%?):

{{— -3 0AHEM e {- -3
+ Sramesf{— -3V @ A)EM @ {— -} ) remesm sy
+ STagam(p® A)(EM @ {—, -3 ) remsmesmu = 0.

Let (M, {—, —}™) and (N, {—, = }*) be two X-double Lie-Rinehart algebras over A. A
Y-double Lie—Rinehart algebra morphism ¢ is an A-bimodule morphism such that:

o(f= 1Y) = flo(), o(-)1".
We denote by 3-DLR,4 the category of X-double Lie-Rinehart algebras over A.

4.9. REMARK. In the case where Cis a closed symmetric monoidal category (for example,
C = Chy), then, by adjunction, the anchor of a ¥-double Lie-Rinehart algebra A is
equivalent to the A-bimodule morphism p* : ¥M — Der(XA, XA ® A).

4.10. REMARK. When the category C is the category Ch, and when A is a finitely gen-
erated differential graded associative algebra, the condition ((Anchor)) can be expressed
using the Schouten—Nijenhuis double bracket (introduced in section 5.11 below), as:

pr({= ) = ot
4.11. EXAMPLE.

1. For a finitely-generated differential graded associative algebra A, the A-bimodule
Der(A) of biderivations (cf. section 5.11 for the definition) with the Schouten—
Nijenhuis double Poisson bracket and the identity plays for the anchor, is a 0-double
Lie-Rinehart algebra over A.

2. In [14, Sect. 5.5], the noncommutative version of the Atiyah algebra is defined as
follows. Let A be an associative k-algebra and M a finitely-presented A-bimodule.
We denote End(M), the A-bimodule Homy(M,M ® A& A ® M), and, for ¢ in
End(M), we denote ¢ == pryga © ¢ and ¢, = praguy o ¢, the compositions with
the projections. The Atiyah double algebra on M, denoted At(M), is the set of
pairs (d, ¢) with d € Der(A) and ¢ € End(M), with compatibilities analogous to
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the commutative case. The Atiyah double bracket is defined as follow: for (d*,¢')
and (d?, ¢*) in At(M)

f(d', o), (@, o) B = ({d", B>, {(d' 01), (@, ¢*) 7).

where {—, =} is the Schouten—Nijenhuis double Poisson bracket (cf. section 5.11)
and {{—, —J}¥ is described in [14]. By [14, Prop. 5.5.3], At(M) equipped with the
Atiyah double bracket and the anchor morphism given by

p: At(M) — Der(A)
(d,¢) — d

is a O-double Lie-Rinehart algebra over A and p is a morphism of double Lie—
Rinehart algebras.

4.12. REMARK. A double Lie-Rinehart algebra is an algebra over a (coloured) properad.
Properads encode algebraic structures which have several inputs and outputs: they gener-
alize operads, which encode algebraic structures with several inputs and one output (see
[22]). Formally, a properad is a G-bimodule, i.e. a family of &,, x §%-module with m and
n in N*, which is a monoid for the connected product X, defined by Vallette in 28, 29].
This product is controlled by connected graphs: for two G-bimodules P and (@), elements
in P X, @ can be described as a sum of graphs of the following form:

where py,...,p, are elements in P and ¢q,...,qs are in (). There is a notion of free
properad (see [29, Sect. 2.7]), so we can talk about properads presented by generators
and relations. As for operads, we have the notion of coloured properads (for the definition,
the reader can refer to [16]). The 2-coloured properad DLieRin which encodes double
Lie-Rinehart algebras (cf. definition 4.8), is generated by

f{IE Rk @ pg% Rk @ i\f@k[@] ® Y@k @ Y@k;

these satisfy the following relations:

% = \? (associativity of )
2 1 3 1 2 3
%0 = Y / + \ G ((1) - derivation)
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c 1 2 3 1 3 2
oo 0
1 1 2 1 2

K 2 1 3 1 2 3 1 2 3 2 1 3
1 f T f P . . .
;%‘ = l%/; ; : f\i%/o = % %u + r’\‘/z ; ; (right derivation)
1 2 1 2 1 2 1 2
1 2 3 1 3 2
f v f .
%M : f‘?{’ = r%j ; (bimodule)
1 2 1 2
%:I"

((Anchor))

3 1 2 )
2 1 3
’ 1:% - . ((Double Jacobi))
2 3 1

In the next proposition, we establish the noncommutative version of the correspon-
dence between Lie-Rinehart algebras and a class of Poisson algebras stated in 4.4. Namely,
we explain the correspondence between X-double Lie—Rinehart algebras and linear -
double Poisson algebras.

f f

o -
it g
L

4.13. PROPOSITION. [cf. [31, (3.4-1)-(3.4-8)] — [32, Sect. 3.2]] Let A be a monoid in C,
M an A-bimodule and ¥ an invertible object in C. The following are equivalent:

1. M s a ¥-double Lie—Rinehart algebra over A ;
2. Ta(M) is a linear 3-double Poisson algebra.

We have the equivalence of categories
> -DPFree'® > ¥.-DLR 4.

PROOF. The anchor p of a Y-double Lie-Rinehart algebra M over A is a morphism
p XM ® YA - YA ® A which we extend, by antisymmetry, to a double bracket
{— -} EMTABTARIM - TA® A

The condition (Derivation) of definition 4.8 corresponds to the derivation properties
of the restriction XM ® YA® XA ® XM of a linear X-double bracket on T oM. Hence, a
linear »-double bracket on T 4M corresponds to an anchor p: XM ® YA — YA ® A and
a morphism f: XM @ XM — (M ® A® A® M) such that conditions (Antisymmetry)
and (Derivation) of definition 4.8 are satisfied.
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We will check that the conditions (Anchor) and (Double Jacobi) of definition 4.8
exactly correspond to the double Jacobi identity for the associated linear >-double bracket
on T4M. The double Jacobiator of T4 M, restricted to XA ® XM ® XM is given by the
following diagram

YM @ NA®@SM AN A o SM @ DM ZANE s o YM @ A
(p*®A><izM®p:> <p:®A)<zé®{—,—}m <p*®A>{2A®p*>
E(A>®3 Z(A)®3 E(A)®3,

NTAA0A YTAgA,A

then, the morphisms p and {—, —}} satisfy the condition (Anchor) of the 3-double Lie-
Rinehart algebra. The restriction to (3M)®? of the double Jacobiator on ToM takes
values in

YM@A® S A M o A M ® A).

By invariance under the Z/3Z-action (see remark 3.8), the vanishing of this restriction is
equivalent to the vanishing of its projection to M ® A®2. This projection is given by the
sum of the morphisms (XM)®3 — LM @ A®? given in the following commutative diagram

(2M) ®3 TSMQXM, =M (EM) ®3 TSM,SMQSM (EM) ®3
| |
({{—,—}}%@A)(E*M@{{—,—}?/’) ({—7—}}{”®A)(WEA®{{—7—H{”) (pM®A)(EJ\l4®{?W)

YAQM® A M @ A%? YA®2 @ M;

YTAMeA NTAQA,M

the vanishing of the restriction of the double Jacobiator to (X M)®? is equivalent to the
condition (Double Jacobi) of definition 4.8.

Then, if we consider (T4 M, f == {—, —}}) alinear £-double Poisson algebra, by taking
the following restrictions of the linear -double bracket, the morphisms

oM = flsmwea and {—, =B} = flsmesu

make M a Y-double Lie-Rinehart algebra over A. Conversely, consider (M, p, {—,—}})
a X-double Lie-Rinehart algebra over A. By the universal property of T (M) (see 3.13),
we extend by derivation the morphism p: XM ® A - YA ® A to

p: ETa(M) @ A — ETa(M) @ Ta(M),
which is a left derivation. We extend p to a morphism
{—, =B STA(M) @ ST 4 (M) — ST A(M) @ T4(M)
by antisymmetry. Similarly, we extend {—, —}} to a double derivation

{—, =P STH(M) @ ST (M) — ST (M) @ T4(M).
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The sum {{—, = }A+{—, =P gives a linear ¥-double Poisson bracket on T 4(M) because
we have proved that the double Lie-Rinehart conditions (Antisymmetry), (Derivation),
(Anchor) and (Double Jacobi) are equivalent to the the double Poisson conditions.

Let (M,{—,—}") and (N,{—,—}") be two -double Lie-Rinehart algebras and
¢: M — N, a double Lie-Rinehart algebra morphism. The morphism ¢ induces a mor-
phism of A-algebras ¢': T4M — T4N. We have ¢({—, —}) = {o(—), #(—)}" and,
as ¢’ is an algebra morphism and the double brackets on {{—, —}* and {—, -} are
constructed by extending using the derivation property, then ¢’ is a -double Poisson
algebra morphism. Hence, we have defined the functor

Ta(—): X-DPFree' — ¥-DLRy. (1)

Let ¢p: TgoM — T 4N be a morphism of linear >-double Poisson algebras. The morphism
' pryooi: M — N withi: M — T,M and pry: ToN — N is an A-bimodule mor-
phism, which commutes with the double brackets. Then, the functor (1) is an equivalence
of categories. [

4.14. REMARK. By proposition 3.12, if M is a 1-double Lie-Rinehart algebra over A,
then the morphism

{= = }=w{— -}t - MeM — M

yields a left Leibniz algebra structure on M, which is an A-bimodule morphism, where
the A-bimodule structure on M ® M is given by that of the right factor. The composition
of the anchor with the product of A is a derivation in its second input:

p=pop: M@A— A.

By proposition 4.13 and [31, Prop. 2.4.2] generalised to the categorical framework, the
double-Jacobi identity, restricted to M ® M ® A implies that p gives A the structure of an
antisymmetrical representation of M (for the definition of representations of left Leibniz
algebras, the reader can refer to [8, Def. 1.2.1 and 1.2.4]).

5. The shifting property

5.1. THE MAIN RESULT. In the case of algebras over an operad, a Y-shifted structure on
an object M is equivalent to a non-shifted structure on XM (for more detail, the reader
can refer to [22]). However, this is not true for the case of algebras over a properad. For
example, for a chain complex A, an r-double Lie structure on A is the datum of a double
bracket

f{l— -3 Al Alr] — (A® A)lr]

and a 0-double Lie structure on Alr] is the datum of a double bracket

= -3 Al @ Alr] — Alr] @ Alr].
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These morphisms have different degrees. However, this shifting property does hold for
double Lie-Rinehart algebras (which are algebras over the coloured properad DLieRin).
In fact, the equivalence of categories ¥ ® —: A-Bimodc — A-Bimodc induces an equiv-
alence of categories »-DLR4 — 1-DLR,4. In the following theorem and its proof, we
implicitly use the isomorphism >~ ® ¥ = 1.

5.2. THEOREM. The following assertions are equivalent:
1. (A, M, par, {—, — B ) s a X-double Lie—Rinehart algebra;
2. (A, XM, psa, {—, —Psm) is a 1-double Lie-Rinehart algebra.

Under this correspondance, there is an equivalence of categories
>-DLR4 Z 1-DLRy4.
5.3. REMARK. In this theorem, the anchors are related by

psm = (To- sm @ A)(X™ ® pur)

and the double brackets by

{=—Heu=CEM A 5a@M)o{—,—}u

PROOF. An A-bimodule structure on M canonically corresponds to an A-bimodule struc-
ture on XM (see section 2.3). The commutative square

SMRABAQM)—=SMQA® AQ XM
ETMAl lTEIM,A

SMRAPAIM)—~EMRIADAQEM

implies that we have a canonical correspondance between an antisymmetrical Y-double
bracket {—, —Py: EM @XM — (M ® A® A® M) and an antisymmetrical 1-double
bracket {—, —Psy: EM @XM — XM @ A® A® XM given by

= —Fon=EMeAma0M)o{{— -}

Futhermore, {{—, —}} s satisfies the double Jacobi identity if and only if {{—, —}xas does.

By remark 2.4, the functor ¥~ ® —: A-Bimodc — A-Bimodc is an equivalence of
categories: the morphism py: XM ® YA — YA ® A corresponds to the morphism
pev = (To-su @ A)(X™ @ pu): EM @ A - A® A. Conversely, by the equivalence
¥ ® —: A-Bimodc — A-Bimodc, a morphism pxp 0 XM ® A — A ® A corresponds to
pu XM @ XA — YA® A. So pyy satisfies the condition ((Anchor)) of definition 4.8 if
and only if pg), satisfies the condition ((Anchor)).
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It remains to establish the anchors’ compatibilities (condition ((Derivation)) of defi-
nition 4.8). We need to show that the following diagram

EM® ap YXM@pa

YM@A®YXM XM @XM YMYM®A

o

SM@S(AR ML S @ M <2 o DM e A) »

l f=—kou
X o ~ 1/Jl Y

S(M®A® AR M) = SMe®A®AQSM

commutes, with

= ((aps ) @ MA@ L=, —Bsn) (Tsara @ M) + (A@ap) (psy ® M) ;
Y= EMOu+A@us){—, —Pom @A) + (pa @ A)(EM @ psr) (Temrsm @ A) ;
¢ = (ap @ M)(A® {—, = Yu)(Tomsa © M) + (BA@ap)(py © M) ;
¢ = (M @+ SA® pa)({{— —Pu ® A)
+ (Zpa @A)ty @ AR A)(M @ pu) (Tsms,m @ A).

It suffices to show that the following squares
l r
SM@ARSM —LSM@A®ASM SMRSM@A—-SMe A6 A SM

EM@TA;J@MLQ ’il(id,TA’z*,@M) :l Qt(id,‘l‘A’g®M)

SMORAQM)=S(MeASA@M) SM@I(MeA)=N(MeAeAs M)

commute. The following diagrams are commutative:

YMETs sOM

SM@ARLIM ——=YXM LA M YMRIXMRA—">SMQIESMA ;
PZ]\i@ZMl ij®M TSM,EM®A lTZME,M@)A
AR AR LM YARARQ M YMRYM® A M®YM XA
A®Aﬂl j2A®Au EM®psm lM(@PM
AR XM e YA® M SMRA®A M®ZL|4®A
HARA (EHA®A)(7\'I/M,E®A®A)
YM®A SM®A

as {—, e = (id, 75,4 ® M) o {{—, —}} i, the following equalities hold:

(id, 7a s @ M)((ap, p) @ M)(A @ =, —Fom)(Tema @ EM) =
(ap @ M)A =, —Pm)(Tsmsa @ M)(EM @14y @ M)
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and
(id, ax @ M)(EM @ pu+ A pa) {{—, Yo @A) = EM@pu+BAQ ua) ({{—, —Fu®A)

so, finally, (id,7ax ® M) o )" = ¢". ]

5.4. EXAMPLE. When C is the category of chain complexes Chy, consider a linear 0O-
double Poisson bracket on TM, as in example 3.19, which corresponds to a (non-unital)
associative product on M. Then, using proposition 4.13, the shifting property implies that
M]1] has a (non-unital) associative product of homological degree —1. This recovers the
shifting property of algebras over the operad As (see [22, Chapter 9] for the definition): a
(non-unital) associative product of degree —1 on M corresponds to a non-unital associative
algebra structure of degree 0 on M[—1].

5.5. EXAMPLE: THE KOSZUL DOUBLE BRACKET. For this example, we suppose that the
category C has coequalizers. We begin by recalling the definition of the A-bimodule of

noncommutative one forms associated to a unital monoid A (see [21] for details in the
case of C = Chy).

5.6. PROPOSITION. [Noncommutative differential 1-forms| Let (A, u,t) be a unital asso-
ciative monoid in C. We define the A-bimodule of noncommutative differential 1-forms
Q4 as the coequalizer

AQu®A d
At —— g4,
PRA®24A®ZIR)y,

in the category of A-bimodules in C, where the A®*, for i = 3,4, are equipped with their
external A-bimodule structure. We denote by

d:dl@A®L): A— Qy

the universal derivation.

5.7. PROPOSITION. Let A be a unital associative monoid. The A-bimodule 24 satisfies
the following universal property: for an A-bimodule M and a derivation h: A — M, there
exists a unique A-bimodule morphism iy, : Q4 — M such that h = i, od. That s, we have
the canonical isomorphism

Der(A, M) — Homa-gimod (24, M)
h — ip

9

where Der(A, M) is the subgroup of Homc(A, M) of morphisms satisfying the derivation
property, i.e. ¢ A— M € Der(A, M) if popu=ps(¢ @A) +apu(A® ¢). We also have
the following canonical isomorphism of A-bimodules: for an A-bimodule M and X and Y
two objects in C

Der(X ® A® Y, M) = Homa-gimod(X ® Q4 ® Y, M).
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In this section, we consider a unital associative monoid A, with a X-double Poisson
bracket {—, —}}: YA® XA — YA ® A . We associate to this double-bracket, a natural
Y-double Lie-Rinehart structure (over A) on {24, the A-bimodule of noncommutative one
forms. By the derivation property of {—, —}}, proposition 5.7 implies that we can extend
the double bracket to the following A°-bimodule morphism:

G N0 QY0 — DA® A,

where the A°-bimodule structure is given by the external and internal A-bimodule struc-
tures. By composition with d (extended as a derivation to A ® A), we obtain, in the
category C, the Koszul double bracket {{—, —}% :

{777}

YAR YA YAR A
Sdexd / Ld®A+A®d
I
04 @ By v =N ROADARQ,).

7:'&_1_}9

As in definition 4.8, we denote by:

{3 =prsaseacf{— -3 and  {— W= proaca, o {— -3

the projections of {—, =} to ¥Q4 ® A and YA ® Q4. By the derivation property of
{—, —}} and proposition 5.7, we extend the double bracket canonically to two A-bimodule
morphisms:

e the morphism
YA R%A — TAR A

with, for the left term, the A-bimodule structure induced by that of 24 and, for the
right term, the internal structure;

e the morphism
p?: YARYON, — YARA

with for the left term, the A-bimodule structure induced by that of Q24 and the
external structure for the right term.

By definition, the following diagrams commute:
{777} {777}
YARXA YA® A and TARXA AR A .

Ed®2Al / 2A®2dl /
YO R A Ik YAR X &

Pr
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As {—, —}} is antisymmetric, we have the following anticommutative diagram:

Q
SOU0NAL YA A
TZQA,ZAl ) LETA,A

AR Y0, —NA® A,
Pr

To simplify, we use the notation p? := pi>. In the next proposition, we prove that the
morphisms p® and {{—, =} provide the A-bimodule Q4 with a ¥-double Lie-Rinehart
algebra structure.

5.8. REMARK. Van den Bergh gives a similar construction in [31, Prop. A.2.1| but with
a weight shifting. Here, give a construction in the general categorical setting, but without
the shifting. Section 5 applied to the particular case of chain complexes, allows us to
recover Van den Bergh’s result.

5.9. THEOREM. Let A be a X-double Poisson algebra in an additive symmetric monoidal
category (C,®,7) with coequalizers. The morphisms p® and {—, -} endow the A-
bimodule Q4 with a X-double Lie—Rinehart algebra structure.

5.10. REMARK. By proposition 4.13, the morphisms p® and {—, -} also endow the
free A-algebra T Q24 with a linear ¥-double Poisson algebra.

PrOOF. Let (A, {{—,—}}) be a Y-double Poisson algebra, we writeQ) := Q4 with ,u®
and £ the morphisms which define the A-bimodule structure of 2. We’ll show that the
morphisms p@ and {—, —}* endow Q with a ¥-double Lie-Rinehart algebra structure.
The double bracket {{—, —}}* is antisymmetric: in fact, it is defined by the following
commutative diagram

YA® XA Ui YA® A
d®d Ld®A+A®d
¥Q @ X0 =LA A0 ARQ)

so that {{—, —J}** satisfies the antisymmetry condition ((Antisymmetry)) of definition 4.8
by the antisymmetry of the double bracket of A.

We will show that p and {—, —}* satisfy the derivation condition ((Derivation)) of
definition 4.8. We write A; = A = Ay; we have the diagram of figure (1). The front and
back faces commute by definition of {—, —}}$*. The left and right faces commute because
d is a derivation and the top face commutes because p® is a derivation. Then the bottom
face commutes. Similarly, the diagram of figure (2) commutes. Then, the morphisms p
and {{—, —J}* satisfy the compatibility condition ((Derivation)) of definition 4.8.
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616
YA XA 50 YA® A
| o~
ey i (AR, (Zu®A) (14, 5QA®?)
—
SARADA
YQ® LA @ Ay —(p"0A)+A2p) (rmasx.a, ®42)—  LEE84A2 | SdRA
SOQTARA+TORTAR) (Zd@ARA,REARA+AI@3dRA) j
Y@ X0 ~ YO® A
_—7 {{_7_}l
(oL, Z0RT Au®) /
@
SOREO® A, — ({*,f}}§Z®A2+EQ®pQ YORAR A,
: Sl
+(A1e{-—} )(TEQ®2,A1®Q)) 1

with @ = (ZQ® p, (B @ A)(tox ® A%?), (Zap? @ A)(Tax @ Q@ A)).

Figure 1: First diagram of compatibility ((Derivation))

We show that p and {—, -} satisfy the condition ((Anchor)). We call ¥, the
morphism {— {—, -3}, = ({— -} ® 4)(S4 @ {—,—}). We have the following

diagram with commuting vertical faces:

(2A)®3 TSAQTA,LA (EA)@)S TSA,SAQTA (EA)®3
/ Ed®E|A®Ed / - ®£. o / - ®|2®2A
Wy ¢ 129 ¢ v/ v
YOARYA® EQM  YARY0® EQTZA,zQ@EQ (ZQ) ®2 o YA
pd
(P?@)A)(Ef{p?) preA)(BA{ -~} (PRoA) (E@]lﬂ)
e ®3/ e
®
5(A) S (A S ¥ (A)

Then, since {—, —}} satisfies the double Jacobi identity, the term

(0 @ A)(EA@ {— 1)
+Tsassasa(p @ A)(2Q @ o) Teasasse
+Tasaesa(pl @ A)(ZQ @ pH)Teassoso

is equal to zero, hence the {{—, —}}* and p% satisfy the condition ((Anchor)) of definition
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YO R XA P YARA
| /
ZQ@Dp B (SAG,(Su@A)(th, s®AS?)
-
YARARA
YORTA ® Ay —(p20A)+(A2p?) (rraes, 4, @A2)— @A%@%A%@A S Awd
LORTIRA+IAQTAR) (CARIRA+EAR®ARI, AR AR) j
Y0 ® X0 YARQ
_ 0
7 -3
(oL, Z0RT Au®) /
®
TOOTN® As — ({{af}}?@Az,p”@Q TARQRAs "
+HA1{—,—} )(Tzsz®2,Al®Q))

with @, = (ZA@ u%, (Zp @) (tax ® AR Q), LA @4 u").

Figure 2: Second diagram of compatibility ((Derivation))

4.8. We have the following diagram with commuting vertical faces:

(EA) ®3 TSARSA,SA (2A> ®3 TSASARTA (2A> ®3
| | |
\I,L/ (Eai)@s \I/L/ (EC?®3 \I/L/ (Edv)m
(EQ) ®3 TLORTO, 20 (EQ)®3 TSQ,SQR%Q (EQ)®3 :
(- [IenEiot--19) ({{f‘}%“‘)@é@{"‘} R /p?m)(m@{{{—,—}}?)
e / e
YARO® A S YO R A%? YA®2 0
TAQDA ETA®A0

as {{—, —}} satisfies the double Jacobi identity, the term

{{— -eAHEee {- -3
+37a0ea(f{— =37 @ A)(EQ @ f{—, -} Tsaszasa
+3Tasa0(p © A) (X2 {—, =} )mamasme

is equal to zero. By invariance under the Z/3Z-action of the double Jacobiator, the double
bracket {{—, —}}*! satisfies the double Jacobi identity. n

Using the shifting property, we recove the original construction of the Koszul double
bracket of Van den Bergh as follows: in [31, Ann. A|, Van den Bergh constructs the
Koszul double bracket as a Gerstenhaber double bracket, i.e. a Poisson double bracket of
degree —1, on T 4(Q24[1]). The shifting property 5.2, applied to our Koszul double bracket
construction, recovers the original Koszul double bracket of Van den Bergh.

5.11. EXAMPLE: THE SCHOUTEN—NIJENHUIS DOUBLE BRACKET. For this example, we
take C = DGA; with k a field and we consider a differential graded algebra A. We start
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by the definition of the A-bimodule of biderivations of A; biderivations play the role of
derivations in noncommutative geometry.
The (external) A-bimodule of biderivations of A, denoted by Der(A), is defined by

Der(A) := Der(A, A® A),

where A ® A is equipped with its external A-bimodule structure.

We recall the definition of the Schouten Nijenhuis 0-double Poisson bracket following
Van den Bergh [31, Sect. 3.2]. We consider A, a finitely-generated differential graded
algebra: this implies that the A-bimodule €24 is finitely-generated. The morphisms
O, U: Der(A)®? @ A — A®3 defined by

@ i=(4 @ 74.4) ((ev ® A)(Dex(A) @ ev)

~ (A® e0)(Tpa(,4 © A)(Der(4) @ v) (Tper(a)pera) @ A))
W = (74,4 © A) ((A® €0) (x4 © A) (Der(A) @ ev)

— (ev ® A)(Der(A) ® ev)(Tper(a),per(a) @ A))

yield, by adjunction, the morphisms

o = {{—, PN Der(A) @ Der(A) — Hom(A, A®?),
U = {—, = }°N: Der(A) @ Der(A) — Hom(A, A®3).

As the A-bimodule €4 is finitely-generated, the following chain complexes are isomorphic
Der(A, A®3) = Hom e (Q4, A® A) ® A . So, the morphism {—, =}~ (resp. {—, —}5N)
factorizes through Der(A) ® A (resp. A ® Der(A)) (see [31, Prop. 3.2.1]). Using the
theorem of Van den Bergh [31, Th. 3.2.2], we apply theorem 5.2: the morphisms

{— -3+ {— -1 Der(A) ® Der(A) — Der(A) ® A® A ® Der(A)

2
(ev, =Ta,4 © €V 0 Taper(ay): Der(A) ® A® A®Der(A) - A® A 2)

induce an A-linear 0-double Poisson algebra structure on the free A-algebra T Der(A)
(see [31, Thm. 3.2.2|) called the Schouten—Nijenhuis double bracket. Using theorem 4.13;
this structure corresponds to a A-double Lie-Rinehart structure on Der(A).

Now, consider A a finitely-generated differential graded algebra with a double Poisson
bracket. The A-bimodule 24 is a double Lie-Rinehart algebra for the Koszul structure
(P4, {—, = 1% (see section 5.5). As the category Chy, is closed, the anchor p corresponds
to a morphism

(p)*: Q — Hom(A, A® A)
which factorizes through Der(A).

5.12. PROPOSITION. |Relation between the Schouten—Nijenhuis and Koszul double brack-
ets| Let A be a finitely-generated differential graded algebra with a double Poisson bracket.
The morphism (p)* is an A-double Lie-Rinehart morphism between Q4 and Der(A).
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PROOF. As remarked in 4.10, in this case, the compatibility condition ((Anchor)) can be
expressed using the Schouten—Nijenhuis double bracket introduced in (2), as:

(P (= =3Y) = €™, (") ™
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