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BICATEGORIES OF FRACTIONS REVISITED: TOWARDS SMALL
HOMS AND CANONICAL 2-CELLS

DORETTE PRONK AND LAURA SCULL

ABSTRACT. This paper addresses two issues in dealing with bicategories of fractions.
The first is to introduce a set of conditions on a class of arrows in a bicategory which
is weaker than the one given in [5] but still allows a bicalculus of fractions. These
conditions allow us to invert a smaller collection of arrows so that in some cases we may
obtain a bicategory of fractions with small hom-categories. We adapt the construction
of the bicategory of fractions to work with the weaker conditions. The second issue is
the difficulty in dealing with 2-cells, which are defined by equivalence classes. We discuss
conditions under which there are canonical representatives for 2-cells, and how pasting
of 2-cells can be simplified in the presence of certain pseudo pullbacks. We also discuss
how both of these improvements apply in the category of orbispaces.

1. Introduction

The purpose of this paper is to study some aspects of the structure of bicategories of
fractions in more detail. We focus specifically on two goals. The first is to develop a
weaker version of the calculus of fractions conditions of [5] that is still strong enough
to allow us to create a bicategory of fractions where arrows are given by spans rather
than zig-zags. (We will show that the conditions in [5] are not necessary in order to
use fractions, although they make the construction slightly easier.) The second goal
is to develop conditions under which we have canonical representatives for 2-cells, thus
clarifying the structure of the category and its composition operations. Although this
second goal could be considered independently from the first, we will in fact give our
proofs in the context of the weaker conditions; since these imply the conditions of [5], our
2-cell results will apply in both contexts. For both of these goals, we will discuss how it
applies to the example of orbispaces, defined as the bicategory of fractions of proper étale
groupoids of suitable topological spaces with respect to the class of essential equivalences
as in described in [4, 2].

For our first goal, we introduce a set of conditions on a class of arrows in a bicategory
which is weaker than the one given in [5] but still allows us to form the localization as
a bicalculus of fractions. One potential issue with localizations which are constructed as
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categories, or bicategories, of fractions is that the hom-sets, or hom-categories, may not
be small, as there is no guarantee in general that the fractions with a given domain and
codomain form a set. To ensure that we do get a set in the classical bicategory of fractions
construction, we need the class of arrows 2J to be inverted be small over each object; i.e.,
for any given object C' there is only a set of arrows in 20 with codomain C'. We may try
to find a locally small subclass of the arrows to be inverted which generates the larger
class in the sense that it induces an equivalent category (or bicategory) of fractions. This
subclass may not satisfy all of the conditions for forming a (bi)category of fractions, so we
consider whether any of the conditions can be weakened. When an arrow can be factored
as a composite of arrows that are to be inverted, this arrow will receive an inverse in any
localization that adds inverses for the arrows in the factorization. This observation leads
us to consider the second condition of [5], the requirement that the class of arrows to be
inverted is closed under composition, as an axiom that could potentially be weakened.
We cannot completely omit it: some version of this axiom is needed to be able to define
horizontal composition in the bicategory of fractions. However, we can replace it by the
following condition:

[WB2] For each pair of composable arrows B——C—"=D in 20, there is an arrow
A—">B such that A=%D is in 2.

When a class of arrows satisfies this condition together with the other conditions
for a bicalculus of fractions given in [5], it generates (through composition and closure
under 2-isomorphisms) a larger class of arrows that satisfies all the bicalculus of fractions
conditions. In this paper we will carefully consider all the conditions for the bicalculus of
fractions and give more optimal versions of these conditions, and then provide an adjusted
construction of the bicategory of fractions. This construction is still given with arrows
that are single spans rather than zig-zags. This also provides us with a slightly weaker set
of conditions for the classical construction of the category of fractions as given by Gabriel
and Zisman in [3], spelled out in Corollary 4.13.

Our motivating example for this is the bicategory of orbispaces [10, 4, 2]. A priori, the
hom-categories in this category are not small unless one requires all spaces to be second
countable topological manifolds. We can work with a larger class of spaces, however, by
observing that the class of essential equivalences has a subclass of essential covering maps
that is small over each object, and satisfies the weakened conditions for a bicategory of
fractions.

Related results and conditions have been presented in [9]. Roberts shows that for the
case where 2 is a singleton pretopology satisfying the WISC condition that each object
have a set of covers that is weakly initial among all covers, the bicategory of fractions will
be locally essentially small: each hom-category is equivalent to a small one. By weakening
the conditions to obtain a right calculus of fractions we are able to restrict ourselves to
only invert the sets of covers when constructing the localization and obtain a locally small
bicategory of fractions.
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A different construction, of so called faithful fractions, was introduced in [1]. The result
of this construction has small hom-categories as well. Different additional conditions need
to be met to use this construction.

Another issue when working with a (bi)category of fractions is that the homs are de-
fined by equivalence classes. For categories, arrows are given by equivalence classes; for
bicategories the same is true for 2-cells. This makes the hom-categories in the bicategory
of fractions a priori very large and somewhat mysterious and hard to work with. Hori-
zontal composition of 2-cells for instance is rather cumbersome to describe and calculate.
Our second goal in this paper is to address this issue by providing conditions under which
there are canonical representatives for 2-cells and under which the horizontal composition
operation is significantly simplified. A partial simplification of the presentation of 2-cells
was provided in the appendix of [12] under additional hypotheses, but this was not in-
tegrated with the operations of horizontal and vertical composition. In our motivating
example of orbispaces, essential equivalences have several nice cancellation properties that
allow for a simplification of the 2-cell structure and allow us to use canonical representa-
tives for 2-cells when this is convenient. These cancellation properties were identified as
being (representably) fully faithful (ff) and co-ff in [1] and [7, 8] and used there to obtain
related results about 2-cells in their representations of specific cases of 2-localizations.

In this work, we prove two types of results about the 2-cell structure: about the choice
of representatives for 2-cells, and about conditions that allow us to simplify the pasting
of 2-cells. Each representative diagram for a 2-cell in the bicategory of fractions, as in
diagram (1) in Section 3, is given by two 2-cells in the original bicategory. The ‘left-hand’
2-cell « is invertible, and we think of this as the cell that allows the ‘right-hand’ 2-cell 5 to
be defined. We focus on the role of the left-hand 2-cell. Tommasini indirectly addresses
the question of when a 2-cell can be represented by a diagram with a given left-hand
2-cell in [12]. In general this is not always possible, and moreover, two diagrams with the
same left-hand 2-cell but different right-hand 2-cells may still represent the same 2-cell in
the bicategory of fractions, so the universal homomorphism mapping a bicategory to its
bicategory of fractions is in general neither 2-faithful nor 2-full. However, if the arrows to
be inverted satisfy suitable subsets of the fully faithful or co fully faithful conditions, the
situation simplifies and for each pair of spans we may choose any left-hand 2-cell and we
show that each 2-cell in the bicategory of fractions can then be uniquely represented by
a diagram involving the given left-hand 2-cell.

Additionally, for the case when the bicategory has certain pseudo pullbacks, we de-
velop results to simplify the horizontal composition of 2-cells in the bicategory of fractions.
Overall, our goal is to make the role of 2-cells in the bicategory of fractions more trans-
parent. In our motivating example of orbispaces these conditions are satisfied; this will
be explored further in [6].

Note that in [1] the authors use the ff and co-ff cancellation properties of essential
equivalences between internal categories in a regular category to describe the localization
with respect to essential equivalences as a faithful bicategory of fractions. One of its
notable properties is that 2-cells in the fractions bicategory correspond to suitable 2-cells
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in the original bicategory without needing to take equivalence classes. Similar results are
obtained by Roberts for the bicategory of fractions of a pretopology consisting of ff and
co-ff arrows. He also gives a canonical presentation for the 2-cells that corresponds to
taking the strict pullback as the left-hand cell in the 2-cell diagrams of the bicategory
of fractions. The work in this paper sheds further light on why this can be done: if
the arrows in 20 are ff and co-ff one may choose any class of left-hand 2-cells to obtain
canonical representations of 2-cells and avoid the need for equivalence classes.

This paper is structured as follows. In Section 2, we introduce the new, weakened,
conditions on a class 20 to give rise to a bicalculus of fractions, and develop some theory
on liftings of 2-cells related to the fourth condition on 23, and on relating squares required
by the third condition. In Section 3 we give the new bicategory of fractions construction
B(20 '), a generalization of the one given in [5], with horizontal composition of arrows
and 2-cells adjusted to account for the weaker assumption. In Section 4 we investigate the
connection between our new construction and the original construction of [5], and show
that if 27 satisfies the weaker conditions of Section 2, then the class of arrows obtained
by taking the closure of 20 under composition and 2-isomorphism satisfies the original
conditions from [5] and gives a bi-equivalent bicategory of fractions. Additionally, we
introduce the notion of weakly initial subclasses of arrows, designed to allow us to pass
to an even smaller subclass of arrows to obtain a subclass of a given class of arrows that
is small over each object. Sections 5 and 6 develop our results about simplifying 2-cells.
In Section 5 we introduce conditions that allow us to simplify the form of the 2-cells
in the bicategory of fractions and obtain canonical representatives for the equivalence
classes, and in Section 6 we investigate the case when the original bicategory has certain
pseudo pullbacks and show how this can be used to simplify horizontal composition of
2-cells in the bicategory of fractions. In Section 7 we indicate how this work applies to
orbispaces, to be further explored in [6]. The last sections are appendices containing
technical proofs. The first one gives the associativity 2-cells for composition. The second
appendix proves associativity coherence. The third appendix proves that horizontal and
vertical composition are well-defined on equivalence classes of 2-cell diagrams. And the
fourth appendix gives the proof for a result about the horizontal composition of 2-cell
diagrams when the left-hand 2-cells are pseudo pullbacks.

Acknowledgements The authors would like to thank Matteo Tommasini for con-
tributing Lemmas 2.7 and 5.5 as a way to strengthen the result in Theorem 5.6, Michael
Johnson for his helpful conversations and suggestions related to this work, Martin Szyld
for helpful conversations in regard to the universal property of the bicategory of fractions,
David Roberts for pointing us to related work by him and others, and the referee for an
extremely careful reading of an earlier version of this manuscript, leading us to tighten
some of the statements and the proofs.
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2. Weaker Conditions for a Bicalculus of Fractions

In the first part of this section we introduce the new conditions on a class of arrows in a
bicategory that will give rise to a bicalculus of fractions. These are a weakening of the
conditions BF1-BF5 given in [5]. In the second part of this section we develop general
results about the structure of the 2-cells in a bicategory with a class of arrows satisfying
our new conditions.

2.1. THE NEwW CONDITIONS. We list our new conditions on a class of arrows. In Section 3
we will show that these are sufficient for the existence of the bicategory of fractions,
although the specific construction of this bicategory needs to be changed.

e [WB1] All identities are in 20.

e [WB2] For each pair of composable arrows B——=C—"=D in 20, there is an arrow
A—">B such that A=%D is in 20.

e [WB3] For every pair w: A — B, f: C — B with w € 20, there exist maps h, v,
where v € 20, and an invertible 2-cell a as in the following diagram.

lf
C

_hoa

w

ﬂs:

— > B

f

e [WB4] For any 2-cell
a:wo f=wog

with w € 27, there exists an arrow u € 20 and a 2-cell
B:fou= gou

such that « o u = w o . Furthermore, the collection of such pairs (u, ) has
the following property: when (uy,3;) and (ug, f3) are two such pairs, there exist
arrows s, t, such that u; o s and uy ot are in 2, and there is an invertible 2-cell
€:u; o s = ug o tsuch that the following diagram commutes:

Bios
fouyos———=goujos

foal lgoa

fOU2OtT>gOU20t-

e [WB5] When w € 20 and there is an invertible 2-cell a: v = w, then v € 20.
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2.2. REMARKS.

1. The original condition BF1 stated that all equivalences were in the class 0. It
is well-known that it is sufficient to replace this with the given [WB1]; see for
instance, [12].

2. Condition [WB2] is a significantly weaker version of the original condition BF2,
which required that 20 be closed under composition.

3. Conditions [WB3] and [WB5] are the same as the old conditions BF3 and BF5
respectively.

4. When « and f are 2-cells as in condition [WB4], we will refer to § as a lifting
of o with respect to w. In [5], condition BF4 additionally required that if « is
invertible, it has a lifting § that is invertible. We will show in Proposition 2.5 that
this assumption is not needed, as it can be derived from the other assumptions.

2.3. PROPERTIES OF LIFTINGS OF 2-CELLS. In this section we prove that our condition
[WB4], together with the conditions [WB1]-[WB3] and [WBS5], imply the original
condition BF4. To do this, we develop some properties of the 2-cell liftings that [WB4]
requires, and show that they can be chosen to respect composition.

We assume throughout this section that 27 is a class of arrows satisfying conditions
[WB1]-[WBS5]. We begin by showing that for fixed w € 20, the collection of the liftings
of cells given by [WB4] inherits the vertical composition structure in the sense that
the vertical composition of two liftings gives a lifting for the vertical composition of the
original cells.

2.4. LEMMA. Let 20 satisfy [WB1]-[WBS5]. Suppose that we have arrows

f
B—==C-"*~D

h

with w € W, and let a1: wf = wg and as: wg = wh be 2-cells. Then there exists an
arrow u: A — B in 20 with 2-cells B1: fu = gu and By: gu = hu such that wB; = aqu
and wfy = agu. It follows that w(fPs - B1) = (ag - aq)u.

PROOF. We begin by choosing two arbitrary arrows and cells as in condition [WB4]:
let ui: Ay = B and us: A — B be two arrows in 2J with 2-cells v, : fu; = gu; and
Yo: gug = hug such that wy; = aju; and wy, = asus.

Since u; and ug are in 20, condition [WB3] gives us a square

Ay —— 4

|7 P

A2T2>Ba
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with ¢ € 20 and ¢ an invertible 2-cell. By Condition [WB2], there is an arrow v: A —
Ajz such that the composition ustv is in 20, and hence by Condition [WB5] and the
invertibility of ¢, uisv € 27 also.

We claim that the following arrow and 2-cells satisfy the conditions of this lemma:
u=uysv, B = ysv and By = ((h¢™1) - (72t) - (9¢)) o v, as in the diagram,

A
As
/ lt \
Ay C = Ay Cil = Ay
B = B
SN A
c .
To prove this claim, first note that since v, was chosen to satisfy [WB4], wf; =

wy1sv = aqusv = apu. Now using the fact that v, was also chosen so that wy, = asus,
we calculate wf; in the following diagrams:

T A
Az Az
/ lt s / \
A1 C% AQ Cfl % Al Al C % A /
B e B _ \
D
and this is clearly equal to asu;sv = asu, as required. [

We now use this lemma to prove that whenever the 2-cell a: wf = wg is invertible,
there is at least one choice of a pair (u, ) for [WB4] such that j is also invertible.
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2.5. PROPOSITION. Let 20 satisfy the conditions (WB1]-[WBS5]. Ifw € W and a: wf =
wg s an invertible 2-cell, then there is an arrow v € L with an invertible 2-cell B: fu =
gu such that wf = au.

PRroOF. We begin by applying Lemma, 2.4 to the case where h = f, oy = o and ap = a~ L.
This gives us an arrow v € 20 and 2-cells v: fv = gv and 7': gv = fov such that wy = av
and wy' = a 'v. So w(y' - v) = (e~ - a)v = id,pv. This does not guarantee that vy and
~" are inverses, but we will show that there is a further lifting v such that vv’ € 20 and
~v" and 7/v’ are inverses.

We create v’ in two stages. First we find w; such that (y'uq)(yu1) = idy,,, and
then we find wy such that (yujw;)(y'uiwr) = idfyy0,- To find uy, we observe that both
w(y'y) = idysv and woidy, = idypv. Thus, (v,~'-7) and (v,idy,) are both pairs of liftings
of id, s with respect to w as in [WB4]. The second half of [WB4] gives a relationship
between any two such pairs, so applying that here gives two maps, u; and ug, and an
invertible 2-cell,

with vu; € 20 and such that

s
DS - (o)
ANy

The left-hand side of this equation is equal to the identity 2-cell, idyy,,, so Y'u; - yu; =
id fyy, -

Now we create w; via the same argument applied to the 2-cells yu; - v'u; and idgyy, .
We know that w(yu; - Y'u1) = (- a Hou; = idygvu; = idygey, = widgy,,. So both
(vuy,yuy - Y'up) and (vuy,idgy,,) are liftings of id,, with respect to w, and applying
the second half of [WB4] as above gives us wy, w, and an invertible 2-cell € such that

vuyw; € W and yugwy - Yusw, = idgpuyw,. We conclude that yujw; = (yugwy) ™t
Therefore setting v = ujwy, u = vv' = vujw; and B = ~yujw; satisfies the requirements
of the proposition. [

2.6. REMARK. Combining the proofs for Proposition 2.5 and Lemma 2.4 shows that if a
in Proposition 2.5 is invertible, for any arrow u € 20 with 2-cell 8: fu = gu such that
wf = au, there is an arrow s such that o s is invertible.

The following result concerning cancellability of arrows in 20 was communicated to us
by Matteo Tommasini [11].
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2.7. LEMMA. Let 20 satisfy the conditions [WB1]-[WBA4]. For any diagram

f
C 8 U5 B v A

g

with w € 20, if wh = wpy then there exists an arrow v: D — C in 0 such that
Biv = Bav.

PROOF. Apply the second part of [WB4] to a := wf; = wfs, u; = uy := ide and the
2-cells 5 and fy as given (for simplicity we omit the structure cells from the bicate-
gory in this calculation). This gives us the existence of arrows v,v': D = C such that
idov,idev’ € 20, and hence v, v € 20 by [WB5], with an invertible 2-cell £: v = o/
such that 3 oe = 35 0. Composing with ge=! gives us that Sjv = Sv with v € U as
required. [

2.8. SQUARES As IN CONDITION [WB3]. In this section we address a question related
to condition [WB3]: if there are two squares as in [WB3] for the same cospan, how are
these squares related to each other? This question was answered in the proof of Lemma
A.1.11in [5] for cospans where both arrows are in 2. Here, we prove a more general result,
for cospans with just one arrow in 20 and assuming only the weaker condition [WB2].
This result will play a crucial role in the constructions of whiskering of 2-cells with arrows
in the bicategory of fractions and in the construction of the associativity isomorphisms.
It will also be used in the study of the equivalence relation on the 2-cells diagrams.

2.9. PROPOSITION. For w: A — B in 20 and f: C — B any arrow in B, and any two
squares,

DlLA DQLA

Ull a1 & w UQ\L anE Lw

R
X X

where u,uvy and uvy are all in W, then there are arrows s, and sy and invertible 2-cells
B and v as in
D,

C ws E wy A

N

D,
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such that uvisy € 20, and the composites (fB) - (a1s1) and (aasz) - (wy) are equal:

S1 g1 S1
_— —_—
@ = i
82l £ 1i1 pal lw = s2| X jfh
—_— —g2—>
V2 f
V2 2‘:2 w
_—
f

PROOF. Since uv; is in 20, condition [WB3] gives us a square

F—2-D,
j e |m
D, — X
with 7; € 0. Applying Proposition 2.5 to the 2-cell f': uvUs = uvo¥;, we get an arrow

@: F' — F in 20 and an invertible 2-cell 3': v, = voU; .
Then we have the following invertible 2-cell from wg,v2t to wgsv; .

D1 91

F (¥4 C——B
UG ” QEI%
D2—>A

By applying Proposition 2.5 with respect to w, there is an arrow w: F” — F’ in 20
with an invertible 2-cell 7': g1Vt = goU a0 such that wvy’ is equal to the pasting of
this last diagram composed with . Finally, by repeatedly applying condition [WB2] to
the string of composable 20 arrows wuvsy, U1, @, W, there is an arrow t: F — F” such that
uveTawt € W. By condition [WBS5] it follows that uvvetwt € 2 as well. The reader
may verify that s; = Totidt, so = viawt, B = [t and v = 't satisfy the conditions of
this proposition. [

2.10. REMARK. An extension of the result of Proposition 2.9, discussing how any two
solutions to the problem of this proposition are related, can be found in Appendix A,
Proposition A.1.

3. The New Bicategory of Fractions Construction

We will now show that the conditions introduced in Section 2.1 are sufficient to construct
a bicategory of fractions B(2071). Given a bicategory B and a class of arrows 20 which
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satisfies the conditions [WB1]-[WB5], we first describe the new bicategory B(20~1), and
then show that it has the universal property of the bicategory of fractions. The objects,
arrows and 2-cells of B(207!) are defined just as in [5], but we will need to adjust the
definition of composition and pasting. We begin by reminding the reader of the definition
as given in [5].

e Objects are the objects of B.

e Arrows are spans of the form < I with w € W and f an arbitrary arrow in

B.

e 2-Cells are equivalence classes of diagrams of the form

(1)

where wu is in 20 (and hence w'v’ is). Such a diagram (1) is equivalent to another

such diagram
C
/ T”\

A" = F 48 B

Cl

(with wv in 20) if and only if there exists a diagram of the form

C
N

D<* 'SR
u Cl v

with wus € 20, such that

C C
u f f
s N TN
D<~—F——FE u B = E<-F—=2-D 5 B
lvl/ <E:, Lu/
f, o f’
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and
C C )
e zr
A ta D"—F—— = AW E<—F—>D
' ' c .

3.1. REMARK. In the description above, we consistently only require half of our arrow
compositions to be in Q. For example, we require only that wv € 20, and not the
corresponding wv’; similarly we only require wus € 20. However, since the 2-cells are

invertible and 20 satisfies [WB5], the other half follows automatically.

The original condition BF2 was used in [5] in the construction of composition of
arrows and horizontal and vertical composition of 2-cells in the bicategory of fractions.
In constructing these compositions under our weaker conditions, we need to adjust for
the fact that 20 is no longer closed under composition. Instead, we have the condition
[WB2] that allows us to pre-compose with an additional arrow to get a composition in
2. The description of the compositions in [5] relies heavily on the choices of squares as in
condition [WB3] and liftings as in condition [WB4] (although, in fact, the construction
only depends on the choices of the squares when they are used to compose the spans,
as Tommasini [12] has shown that different choices made in the composition of 2-cells
give equivalent representatives). In describing the compositions in the new bicategory of
fractions, we use a collection of choices for arrows for composites as in [WB2] to augment
the choices of squares and liftings to make sure that the necessary arrows are in 20. We
list and label these choices here before beginning the constructions so we can refer back
to them.

3.2. NOTATION. The following choices of arrows and 2-cells will be used in the construc-
tion of the bicategory of fractions B(20~!). The first three choices really determine the
construction. The last four are just short-cuts for frequently used combinations of the
first three.

[C1] For each pair of composable arrows —— — in 20 use [WB2] to choose an
arrow w,, such that wvw,, € 20. When v is an identity arrow, choose w,, to be
an identity as well.

[C2] For every pair v with u € 90 use [WB3] to choose a square

T
B

g\
nN<—

\l 1 l“z



[C3]

[C4]

[C5]
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with «/ € 20 and « invertible. When we want to stress the dependence of o on
f and u, we denote this cell by ay,. Furthermore, require that when u = 15, we
choose the square,

A—T .pB
1AL\1f<l llB
Aﬁf:\

f

B

where Ay and py are the left and right unitor 2-cell respectively.
Given a: w o f = w o g, a 2-cell with w € 20, choose a 1-cell w € 2J and a 2-cell
a:fou=gou

such that & o w = w o a. Using Proposition 2.5, we choose & to be invertible
whenever « is.

w f v

For each zig-zag, with v and w in 20, [C2] determines arrows f’
and v" and an invertible 2-cell ay,: vf’ = fv’. Compose this with the choice wy,
from [C1] to get wv'w,,,» € W, to obtain the diagram

with wv € 20. Note that v is not guaranteed to be in 20, but wv is always in 20 by
construction.

For each cospan ——<-— with both arrows w,v € 20, apply [C2] to obtain a
square with an invertible 2-cell a,,. Then compose with w,,, from [C1] to get
V' Wy, € W. Define 0 = v'wy v, W = Wwy,y and Gy = Oy Wy to obtain the
chosen square
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where wt € 20 and the 2-cell &,,, is invertible.

[C6] For each invertible 2-cell a: w o s = w o sy with w,wsy, wse € W, apply [C3]
to obtain w € 2U and a: s;w = sow, with & invertible. Then ws; and w are in
25, so apply [C1] to obtain an arrow u such that ws;wu € 25. Since & in [C3] is
invertible, we conclude that wsywu is also in 2. Setting w = wu, we get the chosen
lifting
Q810 = Sl
such that ws;w € W and & is invertible.

[CT] For each configuration,

with uv and w in 20, [C3] determines @ € 2 and (: fv = fv'w, and [C1]
determines an arrow wg, with wwwwg,,, € Q. Now write W = Wwy ., and

precomposing B by w4, gives the chosen 2-cell Eu with vow € 20.

S IS

Bul
v’u?l/ f

With these choices determined, we will now define the bicategory of fractions.
Composition of 1-Cells We define the composition of spans

A< 5B and B2 L
in B(2W~1) using the chosen square in [C4] of Notation 3.2,

N
VN

so that u;uy € 2J. Then the composition of spans is given by

A ULU2 f2?1 C
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3.3. REMARKS.

1. Proposition 2.9 implies that any other choice of a square to define the composition
results in an isomorphic arrow in B(20~!): Proposition 2.9 gives a 2-cell between
the two arrows in B(20~!) that is observed to be invertible in Remark 3.4 Part 2.
Proposition A.1 below further shows that the isomorphism is unique when certain
properties with respect to the defining squares are required. So given the squares
used to define the two ways to compose, there is a canonical invertible 2-cell between
the two resulting compositions.

2. Horizontal composition of 1-cells is clearly not associative in general. In Appendix A,
Proposition A.4 we introduce the family of associativity 2-cells and in Appendix B,
Proposition B.4, we show that this family satisfies the associativity coherence con-
ditions. The definition of the associativity cells is a direct generalization of the ones
given in [5], but the proof of coherence is a bit more involved. The appendices
highlight the technical results that lead to coherence in separate propositions.

Vertical Composition of 2-Cells We define the vertical composition of 2-cell diagrams,

S / P
S L

First, since usvs and usvy are both in 20, let

u2v3

be the chosen square in [C5] of Notation 3.2: § = Guyus usw, and ugvsvh € 2. Since 6 is
invertible, usvovy € 20 also.
Next, apply [C6] to d: usvevy = usvsvh and obtain an arrow uy € 20 and an invertible

2-cell §: VaVhTly = V3Uhilp. Note that usvavhiiy € 20, as indicated in [C6].
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This gives us the following representative for the vertical composition,

Observe that usvevitiy € 20 by construction, and uyv1v4us and uzvsvhts are in 2 since

they are isomorphic to ugvgvgﬁg. So this diagram represents a 2-cell from LI to

us3 f3
-~

3.4. REMARKS.

1. In Appendix C, Proposition C.1 we show that vertical composition is well-defined
on equivalence classes of 2-cell diagrams and in Appendix A, Proposition A.5 we
show that it is strictly associative on equivalence classes of 2-cell diagrams.

2. It is straightforward to check that when both the left- and the right-hand 2-cells in

a 2-cell diagram
e | s
d
U2 ¢ P

are vertically invertible in the original bicategory B then the 2-cell in B(20~!) rep-
resented by this diagram is vertically invertible with inverse represented by

U2 AFX
Wa1t Wpt

h
u1 ¢ fi

Horizontal Composition of 2-Cells The construction for horizontal composition in [5]

is given in terms of whiskering on the left and the right. We will address the two cases in
the following two subsections.
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3.5. LEFT WHISKERING. Suppose we have

/T f1
S1
v g

al BY
\lSQ
u2 f2

with u;s; € 20 and « invertible, so that the left side represents a 2-cell. We begin by
constructing the composites of the arrows involved. This gives us the cells in the following

diagram,
>
al
k

where 71 = a} , and 7, = o}’ are the chosen squares of [C4] of Notation 3.2. (Note
that this is not a pasting diagram.) The next step is to construct squares that complete

U1
N —
e v g
S 2
e g
B —
T2

the cospans ——><—— and —><=—. Neither s; nor 7; (where i = 1,2) are necessarily

in 20, but the u;s; are by assumption, and the u;7; are by [C4]. Now take the squares
chosen in [C5] for i = 1,2,

!
Si
i ——

/ Qg T a5
vil “253:*“2'”1 luivi

US4

where the composites u;s;v; are in 20 and the 2-cells &, s, w5, are invertible. Now we have
Quys; s, - WiliSh = u;8;0) where u; € 20, and hence [C6] determines arrows 4; and 2-cells
0i: U;shu; = s;viu,. If we write vit; = 0; then we have u;s;0; € 20 for i = 1, 2.

Finally, we want to construct a square to complete the cospan —-—><——. Neither of
the v; is necessarily in 20, but the wu;s;0; are. Also, since a: u1S; = usSo is invertible,
it follows that u;s;0, € 20. Using a sequence of chosen squares and lifts as above, we
construct a square

with 03 invertible and wys,0:t; € 20.
To find the right-hand 2-cell in the diagram representing the left whiskering, we want
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to apply a choice of lifting as in condition [WB4] to the following diagram,

and lift with respect to v. However, we need to do this in such a way that we obtain a
valid 2-cell diagram. By construction, 9, = v}@;, and hence the 2-isomoprhism v;d; 't :
18101ty = w018 U1ty ensures that u,v18)a;,t, € 2. This allows us to apply [C7] to get
a lifing for the diagram

This gives us an arrow ¥ and a 2-cell 3: fi8liint10 = fosaiigty® such that v is equal to
the pasting of the previous diagram composed with v, and u,v,s)u1t10 € 20.
The resulting representative for the horizontal composition can be described by
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with v1s; and v989 in 2, and « invertible, so the right side represents a 2-cell. Again,
we begin by constructing the horizontal compositions of the arrows involved using the
squares of [C4] in Notation 3.2 as in the following diagram,

f1
/ a vl/ T 51 &
u ! ey 5y
’Y2\v2 EP)
Ty ~ \ 92
f2

where v; = o}, and uv; € W for i = 1,2. (Note that this is not a pasting diagram.)
Since v;s; € 20 for i = 1,2 and u € 20, we have chosen squares from [C4] giving

K (4)

s;l jé' jvisi

R
!

with us, € 20. Now apply Proposition 2.9 to the pairs of squares for i = 1, 2,

71’ sifi
'Uil piA L“i and Séj % l”i
f

!
Ti 7’1' fl
—_—
tl j ié lsg and tl l 2 lSi
—— —
vi fi

such that wv;t; € QJ for i = 1,2 and the composites of the following two pasting diagrams
are equal:

T4 fll T fll

]Si
T

N
-~
i

!
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Now apply Proposition 2.9 to the following two squares, where vysy, u, us}, us, € 20:

i

—_— —_—

l& / lﬁ
s pi and sy 2 &

lvl A\Lvl

_— _—

f f
u u

q q
_— _—
pl & jSz and Pl z lfé
81 fi

such that us|p € 20 and the following two pasting diagrams give the same composite:

{

f3
_—

Q

e
I
i
™
-
(V)

|
sh da-(afh) lUISI
f =

S/] J
/ 51 V18
151

Thus far we have constructed the following part of the left-hand cell of the whiskered

2-cell diagram,

We fill in the gap in the middle by chosen liftings of chosen squares according to conditions
[WB3] and [WBH4]. First note that the uv;t; are in 20 for ¢ = 1,2, and hence since ¢; is
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invertible, usir; € 20. So we have squares from [C2],
P 7
- >
] L é lus’lrl and rh l é jusgm
usip ushq

and we lift with respect to us] and us) respectively (as in [C3]) and add additional

arrows w; and ws to obtain arrows 7, = rjtjw; and Ty = rhlswy both in 2. If we denote
p = p'tuyw; and § = ¢ tiaws, we obtain invertible 2-cells

with 75 € 20. Since us|p, 71,7 € 2, let x be a chosen arrow such that us)pritor € 20.
Then the result of the whiskering becomes:

3.7. REMARKS.

1. When the class 20 of arrows to be inverted satisfies the traditional BF1-BF5
conditions from [5], this construction reduces to the construction given in that paper
when one takes the identity arrow whenever a choice of an arrow based on condition
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[WB2] is needed. The definition of horizontal whiskering here is not exactly the
same as the one given in [5], but the 2-cell diagrams obtained are equivalent. This
is shown in [12], where it is proved that various choices to fill the 2-cell diagrams
for whiskering all result in equivalent 2-cell diagrams.

2. The fact that the horizontal whiskering operations described here are well-defined
on equivalence classes of 2-cell diagrams is established in Appendix C, Propositions
C.2 and C.3.

With these definitions, we get the following:

3.8. THEOREM. For any bicategory B with a class 20 of arrows that satisfies conditions
[WB1]-[WBS5], there is a bicategory of fractions B(Q~1) with a homomorphism

Jw: B — B

which sends arrows in 2W to internal equivalences. Moreover, this bicategory satisfies
the following universal property: for any bicategory D, composition with Jyy induces an
equivalence of categories

Hom(B(W™ 1), D) ~ Homy(B, D),

where Hom(B(20~1), D) denotes the category of homomorphisms and pseudo, resp. laz,
resp. oplaz, transformations and Homgy(B, D) denotes the subcategory of homomorphisms
and pseudo, resp. lax, resp. oplax, transformations that send arrows in 20 to internal
equivalences.

3.9. REMARKS.

1. We can speak of transformations sending arrows to internal equivalences by repre-
senting them through a pseudo functor into an appropriate bicategory of cylinders
on D (depending on the type of transformations). For pseudo transformations, the
calculus of mates shows that Homgy (B, D) is a full subcategory of Hom(B, D), but
for lax and oplax transformations this is not the case in general.

2. The universal property phrased in terms of the pseudo transformations determines
the bicategory of fractions up to equivalence of bicategories. The other two universal
properties are invariant under equivalence of bicategories. Hence we may view this
result as saying that whenever a class of arrows admits a calculus of fractions, its
bicategorical localization will also have these other two universal properties.

3. The description of the bicategory of fractions given here depends on the choices made
for arrows, squares and liftings used in composition. However, the universal property
implies that any other choice would give a biequivalent bicategory of fractions. We
actually have a stronger result here: we can give explicit pseudofunctors going back
and forth that are the identity in all dimensions (objects, arrows and 2-cells), but
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don’t preserve horizontal composition strictly: composition in the domain bicategory
may have been defined using a different square from the one used in the codomain
bicategory. In Proposition A.1 we show that there is a canonical 2-cell between
these two compositions. The property established in Proposition A.1 implies that
they satisfy the coherence conditions to form the structure cells of a pseudo functor.
Furthermore, these functors form commutative triangles with the Jy; functors from
B into the bicategories of fractions. We will also see in the next section that these
bicategories of fractions are biequivalent to a bicategory of fractions as defined in

[5].
PROOF. Analogous to the situation in [5], we define Jyy as follows: on objects Jy(A) = A4;
/
on arrows Jyy sends A Ty BtoAdr ALy —— B; on 2-cells, Jy sends A@B to
g
A
1\
P Al A

b

where ps and A4 are the right and left unitors respectively for 14. By the way we chose
squares involving identity arrows, this gives a pseudo functor B — B(20~!) with structure
cells as defined in [5]. The remainder of the proof goes as in [5]. We have given definitions
for all of the composition operations in B(20~!) and shown them to be well-defined and
suitably associative, sending arrows in 20 to internal equivalences. There are no coherence
requirements on the choices of squares or liftings, so this gives a valid construction of a
bicategory with all necessary properties.

The resulting homomorphism of bicategories has the same universal properties as the
one for the original bicategory of fractions, since the proof of [5, Theorem 21] does not
depend on any specific properties of the choices made. [

A different way to derive this result will be given in Theorem 4.11.

4. Equivalences of Bicategories of Fractions

The first goal of this paper was to provide conditions under which we can take smaller
classes of arrows to invert, while still obtaining an equivalent bicategory of fractions. In
this section we develop a condition to allow us to restrict to a smaller subclass of arrows,
namely when a subclass is weakly initial in the original class of arrows. This is related
to the condition WISC, where we have weakly initial subsets of the class of arrows to
be inverted. This was considered in [7] to obtain a locally essentially small bicategory of
fractions.
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We show that if we start with a class of arrows satisfying [WB1]-[WBS5], and we have
a weakly initial subclass which satisfies [WB1] and [WBS5], then in fact the subclass will
satisfy all the conditions[WB1]-[WB5]| and the bicategory of fractions for the subclass
is equivalent to the one for the original class of arrows. We will then apply this result to a
class 20 of arrows satisfying [WB1]-[WBS5], and consider its closure under composition
and invertible 2-cells, 20. We show that 20 satisfies the conditions BF1-BF5 of [5], and
that 20 is weakly initial in 2. This gives an equivalence of bicategories

—

BEy) ~ B,

giving another proof that the newly constructed bicategories of fractions of Section 3 are
indeed equivalent to the ones introduced in [5].

4.1. WEAKLY INITIAL SUBCLASSES. We begin by reminding the reader of the notion
of a weakly initial subclass of arrows. We will show that the new calculus of fractions
conditions descend from a class to a weakly initial subclass.

4.2. DEFINITION. Let 20 C U be two classes of arrows in a bicategory B. Then 20 is
weakly initial in U if for each arrow v € Y, there is an arrow u such that vu € 20.

4.3. PROPOSITION. Let B be a bicategory with a class of arrows U satisfying all the con-
ditions [WB1]-[WB5], and a subclass 20 C U which is weakly initial in 0 and satisfies
conditions [WB1] and [WB5]. Then 20 also satisfies conditions [WB2]-[WB4].

PROOF. [WB2] Let A—">B and B——=>C' be a pair of composable arrows in 2J. Since
20 C U and U satisfies condition [WB2], there is an arrow u; such that wowqu; € B.
Since 20 is weakly initial in U, there is an arrow wus such that wowyuius € 2. So W
satisfies condition [WB2].

[WB3] Consider a cospan of arrows A—L-C<* B with w € 20. Since U satisfies
[WB3], there is a square with an invertible 2-cell «,

D—2-B
Ul <°‘: w

with v € 0. Since 2J is weakly initial in ‘U, there is an arrow <E—“>D> such that
vu € 2. Then the square

E

A

shows that 20 satisfies condition [WB3].

B

w

C

*L E l‘s
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[WB4] Let a: wf = wg be a 2-cell with w € 20. Since w € U and U satisfies [WB4],
there is an arrow v € Y with a 2-cell 5: fv = gv such that av = wf. And since 2J is
weakly initial in 2, there is an arrow u such that vu € 2J. Now take w' = vu € 20U and
[ = pu. Then wp' = aw'.

To check that 20 also satisfies the second part of [WB4], let (w, £1) and (wj, 52) be
pairs such that w},w) € 20, and fr: wif = wig, fa: wyf = whg such that aw]; = wp;
and aw)y = wps. Since w,w|, w)y € U and we assume that U satisfies [WB4], there are
arrows s, t such that wis, wyt € ¥, and an invertible 2-cell £: w)s = wit such that

/. Pis /
fwis —— gwis

fsl Lga

funt ——= gust

commutes. Since w|s € Y, there is an arrow u such that wjsu € 2. Then witu € W as
well, since eu: wisu = wjtu is an invertible 2-cell and 2T is closed under invertible 2-cells
by condition [WB5]. So define s’ = su, t = tu, and ¢ = eu: wis’ = wht' to obtain a
commutative diagram

fuhs' P gus!
fal jgs’
!4/ !4l
Juwst Bt guwsl
as required. [

4.4. THEOREM. Let B be a bicategory with a class of arrows U satisfying the condi-
tions [WB1]-[WBS5] and a class 20 C U which is initial in B and satisfies [WB1] and
[WBS5]. Then there is an equivalence of bicategories J: B(Q0~) — B(U™!) that makes
the following diagram commutative,

PROOF. By the universal property of B(2~!) there is a canonical pseudo functor

J: BOUY) — B,
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which is the identity on objects, sends the span (w, f) in B(20~!) to the span (w, f) in
B(U~1) and maps the 2-cell represented by the diagram

b

al B
\j s
w2 f2

in B(2W 1) to the 2-cell represented by this same diagram in B(U~!). Note that J sends
identity arrows to identity arrows and the comparison cells for compositions of arrows
are the canonical 2-cells related to the choices of squares for composition in B(20~!) and
B(U~1), as described in Remark 3.3.(1). It is clear that J o Jy = Jy as required.

It is obvious that J is an isomorphism on objects. To show that it is essentially
surjective on arrows, let

A< -1, B

be an arrow in B(U™!). Since 20 is weakly initial in 0, there is an arrow <D—“>C’ )
such that vu € 20. So the span

A U D f’LL B
is in the image of J. Furthermore, there is an invertible 2-cell

D
A =~ D = B
C
showing that J is essentially surjective on arrows.

It remains to show that J is fully faithful on 2-cells. To show that it is full on 2-cells,
consider the 2-cell represented by the diagram,

AN
BY

all

v2 j/
w2 f2

with wy, wy € W and wyvy, wovy € V. Since W is weakly initial in Y, there is an arrow u

(6)
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such that wiviu € 20. Hence, the 2-cell represented by

w1 T\
VU

aul} Bul
Vou L/
w2 f2

is in the image of J. This diagram represents the same 2-cell as (6), since the following
diagram with unitor 2-cells gives an equivalence between them:

viu o v1
1 u
x/

Hence (6) is in the image of J and we conclude that J is full on 2-cells.
To verify that J is faithful on 2-cells, consider two 2-cells between the same spans of

arrows
(7)
- T\ - / T\
U1 v
B !

ad) o
V2 l / Ué L /
w2 f2 w2 f2

and suppose that these diagrams represent the same 2-cell in B(0~'). This means that
there is an equivalence given by arrows s and ¢ with 2-cells 7; and v, as in

S t

such that the appropriate diagrams of 2-cells commute and wyvys € 0. Since 27 is weakly
initial in U, there is an arrow u such that wyv;su € 0. So the diagram

/
v1 V1
Y1 u
s
su tu
228
v ’
2 vh

represents an equivalence of the diagrams in (7) in B(20~!). We conclude that J is fully
faithful on 2-cells, and hence is a biequivalence of bicategories. [
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4.5. REMARK. This theorem implies that the choices made in constructing the bicategory
of fractions in Section 3 do not matter, since 20 is weakly initial in itself, and Theorem 4.4
provides an equivalence of bicategories created with different choices.

This result can be combined with the condition WISC given in [9] to obtain the
following.

4.6. COROLLARY. If U has a weakly initial subset Sx over each object X, and these
subsets contain identities and are closed under 2-isomorphism (conditions [WB1] and
[WBS5] ), then the arrows in the weakly initial subsets define a locally small bicategory of
fractions B(&™ 1), equivalent to B(U~1).

This strengthens the result in [9] where one would only get a locally essentially small
bicategory of fractions.

4.7. REMARK. Our notion of a weakly initial class of arrows is a dual notion to that of
the right saturation of a class of arrows defined in [13]. The right saturation enlarges the
class of arrows to be inverted, rather than restricting to a smaller subclass.

The right saturation of a class W of arrows consists of those arrows f: C' — D for
which there exist arrows g: B — C' and h: A — B such that gh and fg are both in W.
If W satisfies the conditions BF1-BF5, then so does its saturation, and the saturation
gives rise to an equivalent bicategory of fractions. It is not difficult to use [WB3] to
show that if W C V is weakly initial in V), then V is a subset of the saturation of W.
This does not immediately imply the equivalence of the induced bicategories of fractions,
because W may not satisfy BF2. However, Theorem 4.4 implies that the equivalences of
bicategories of fractions in [13] apply when we replace BF2 with [WB2].

4.8. REMARK. In the case where one is only interested in obtaining a smaller version
of B(U~1)(X,Y) for a particular object X (or for a particular class of objects) in the
bicategory B, there is a local version of Theorem 4.4. Given an object X in B and a class
of arrows U in B, we say that a subclass 2 C U is weakly initial in U at X when the class
2/ X of arrows in 2 with codomain X is weakly initial in the class /X of arrows in U
with codomain X. We write By (X, Y') for the category for spans from X to Y with reverse
arrows in 2 and 2-cells defined using 2-cell diagrams with the appropriate composites in
2. Now, if U satisfies conditions [WB1]-[WBS5], 20 C U satisfies condition [WB1] and
[WB5], and 2 is weakly initial in U at X, there is an equivalence of categories

Ba(X,Y) = B(U ) (X,Y),

for any object Y in B.

4.9. CLOSURE UNDER COMPOSITION. Given a class of arrows 20 in a bicategory B, let
2 denote the class obtained from 2 by closure under composition and invertible 2-cells.
So 27 is the smallest class of arrows in B such that

.mjgﬁ/ﬁ;
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o If 1, fo € @, and fo o f; is defined, then fy o f; € @;
o If f e W and a: f = g is an invertible 2-cell in B, then g € 2.

Then 2 has the stronger property BF2, and each arrow w € 27 will have an invertible
2-cell a: w = w,, o ---ow; with codomain a finite composite of arrows w, ..., w, € 20.

4.10. LEMMA. If 20 satisfies the conditions [WB1]-[WBS5], then W defines a wide sub-
category which satisfies the conditions from [5] for constructing a bicategory of fractions.

PROOF. Since 20 contains all identities, so does @, so 20 satisfies condition BF1 from
[5]. And 20 has been created to be closed under composition, verifying BF2. Conditions
BF3-BF5 are equivalent to conditions [WB3]-[WB5] (and BF3 and BF5 are identical
to their weaker versions); see Remark 2.2. So it suffices to check conditions [WB3]-
[WB5] for 2.

Since every arrow v in 20 is isomorphic to a composition w; o...ow, of finitely many
arrows in 2, repeated application of [WB3] for 27 gives us [WB3] for 20:

Note that w!, o---owj € 2 by definition.

To verify condition [WB4], suppose that «a: wf = wg and v: w, - -w; = w with
wy,...,w, € W. Repeatedly applying [WB4] for 20 gives us arrows w/,_, and 2-cells
Br—k: Wp—g—1 - wrfw, - W _; = Wp_g—1---wigw, ---w,_, for k = 0,...,n — 1 such
that wy,_g - Wy 1 Wk = (v '9) - - (vf)wlw!, ;- -w! .. So By with w/w!, ;- w)
is the required lifting.

To check the compatibility condition in [WB4], /ci)nsider a: wf = wg with liftings

o fu' = gw and " fw” = gw”. Since w',w"” € 2V, there are arrows wi,...,w, and
wy,...,w; in W with invertible 2-cells, §: wy ---w)| = w' and v: wy ---w] = w". By

repeatedly applying condition [WBZ2] for 20 there are arrows u’,u” such that w'u’ € 20
and w”u” € 0. Hence we can apply [WB4] for 20 to the liftings o/v': fw'v' = gw'/
and o’"u”: fw"u" = gw”u” and obtain arrows s,t and a 2-cell e: w'u's = w”u"t showing
compatibility of these liftings. This then gives us also the required arrows u's and u”t
with the cell € to establish compatibility for the original liftings.

Finally, 20 satisfies condition BF'5 by construction. [
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4.11. THEOREM. If 20 satisfies the conditions [WB1]-[WB5], then there is an equiva-
lence of bicategories J: B(AW™1) — B(W™1), making the following triangle commute,

B

e
B J

N

QW

—

Bu 1)
where B(@fl) is the bicategory of fractions from [5] and B(Q0~') is the bicategory of
fractions defined in Section 3.

PRrROOF. We have shown that whenever a class of arrows 2 satisfies the stronger conditions
BF1-BF5, the resulting bicategory of fractions is equivalent to the traditional one from
[5]; see Remarks 3.7(1) and 4.5. So B(20~!) may be taken to be the classical bicategory
of fractions and Theorem 4.4 now gives us the equivalence of the resulting bicategories of
fractions. [

4.12. COROLLARY. When 20 satisfies the conditions [WB1]-[WBS5], the pseudo functor
Jon: B — B(Q0Y) satisfies the universal property for the bicategory of fractions.

PROOF. A pseudo functor B — C sends the arrows in 20 to equivalences if and only if it
sends the arrows in 20 to equivalences. m

This result also applies to results for categories of fractions in the 1-category case given
in [3].

4.13. COROLLARY. A class of arrows W in a category C allows for the construction of a
category of right fractions C[W ™| if it satisfies the following conditions:

1. W contains all identities;

2. For any pair of composable arrows B—"=C—"=D in W there is an arrow A—*=B
such that A~"%D is in W;

3. For any arrow w € W and any arrow f which shares its codomain with w, there
is an arrow w' € W and an arrow f' such that the following square is defined and
commutes:
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4. Giwen w € W and parallel arrows f1, fo such that wf; = wfy, then there is an arrow
w' € W such that frw' = fou',

w s w
—_— i —_—
2

4.14. EXAMPLES.

1. When one wants to add the inverse for an arrow w in a monoid, the class W in
the traditional Gabriel-Zisman construction of [3] would be required to contain all
powers of w. In our case W only needs to contain a cofinal set of powers of w.

2. Consider the category of atlases and atlas maps for manifolds. In order to ob-
tain the category containing all smooth maps between manifolds using the original
conditions, one needs to take the category of fractions with respect to all atlas re-
finements. With the new theory we may restrict ourselves to refinements in which
no charts are repeated, or any other family of refinements that is weakly initial
among all refinements.

5. Simplifying 2-Cell Representatives

As we have seen, the universal homomorphism Jyy: B — B(207!) is defined to be the iden-

tity on objects, and takes an arrow f: A — B to the generalized arrow A 4t
and a 2-cell a: f = g to a 2-cell diagram of the form below.

A
y%x
A wal A alal B

DN

A

As Tommasini observed in Remark 3.5 of [12], this homomorphism is neither 2-full nor
2-faithful in general. The map Jyy fails to be 2-full because not every 2-cell between Joy( f)
and Jy(g) needs to have a representative of this particular form. The map Jyy fails to be
2-faithful because two 2-cell diagrams of this form, say with distinct right cells g and ~,
represent the same 2-cell in the bicategory of fractions when there is an arrow ¢ € 20 such
that St = vt. This leads us to consider the more general issue of the equivalence relation
on the 2-cell diagrams.

In this section we discuss some variations of [WB4] and consider when a 2-cell in
the bicategory of fractions can be represented by a 2-cell diagram with a given left-hand
side. In the following section, we will look at choosing these left-hand sides to have nice
additional properties that will simplify some of the composition constructions. In some
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cases representatives with a given left-hand side will even be unique. We will prove in [6]
that some of these properties hold for the case of essential equivalences between orbifold
étale groupoids. In fact they apply more generally to any fully faithful maps between
étale topological groupoids.

Following the notation of [1] and [7] we say that an arrow f: A — B in a bicategory
B has a property P when the induced functor f.: B(X, A) — B(X, B) has this property.
Note that for full and faithful, these properties are closely related to Condition [WB4].
In this section we will see that if the arrows in 20 have these properties and /or their duals,
we are able to simplify our description of the 2-cells in the bicategory of fractions: each
2-cell will have a representative with a given left-hand side and we won’t need equivalence
classes if we have chosen representatives.

5.1. DEFINITION. An arrow w in a bicategory B is

e fullif for any 2-cell a: wf = wg there is a 2-cell a: f = g such that wa = a.

e fully faithful or ffif for any 2-cell a: wf = wg there is a unique 2-cell a: f = ¢
such that wa = a.

e co-full if for any 2-cell a: fw = gw there is a 2-cell «/: f = g such that o/w = a.

e co-fully-faithful or co-ffif for any 2-cell a.: fw = gw there is a unique 2-cell o/: f =
g such that o/'w = a.

Fractions condition [WB4] connects some of these properties as follows:

5.2. LEMMA. If a class of arrows 20 satisfies condition [WBA4] and is co-fully-faithful it
15 also full.

PRrROOF. Consider a 2-cell a: wf = wg with w € 2. Since 2V satisfies [WB4] there is
an arrow v € 20 with a 2-cell 5: fv = gv such that w8 = av. Since 27 is co-full, there is
a 2-cell @: f = g such that § = av. Hence, wav = wf = av. Since QJ is co-fully-faithful
this implies that wa = a. [

5.3. LEMMA. Let 20 be a class of co-full arrows in B satisfying the conditions [WB1]-
[WBS5]. Given any 2-cell diagram

(8)

in B(Q™') and any square



BICATEGORIES OF FRACTIONS REVISITED 945

i B with uity € 03, there is a 2-cell 6 such that the diagram

VAR

1
7 g0
u2 th f2

represents the same 2-cell in B(A 1) as (8).
PrOOF. By [WB3] there is a square

t1 ul

with ¥; € 20 and ¢ invertible. By [WB4] there is an arrow 4; € 20 and an invertible
2-cell 0: (vit1)@y = (t171)0;. Now consider the pasting of the diagram

V2
o —
oy . —
vl R ug
T
to
By [WBA4] there is an arrow i, € 20 with an invertible 2-cell ¢: (vo(t10y))tUs = (t2(T111 )l
such that us( is equal to the pasting of the cells in (10) composed with @,. Finally, we
need to ensure that certain compositions of arrows are in 2. First consider the composi-
tion of arrows T 11 Uy. Each of the three arrows in this composition is in 20, so by [WBZ2]
there is an arrow s such that viu1ues € 0. Furthermore, usty € 2 as well, so there is an

arrow 1 such that (usty)(T111gs)r € 20. Then we have the following equality of pastings
of 2-cells:

(10)

101 To ST 11U To ST vl

ViUl U2 ST Otuosrl U1
t1
—_—

to u2
to L (A lul

_ >
u2

11171171287‘] Csr l’l& all lm
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We want to construct a cell § such that g and 0 fit into a similar equality of 2-cell pastings.
So consider the following pasting diagram,

V1U1U2S 9u25/ \
\ /

-
o
iﬁ
fin
St
)
[

V1ULU2S

Since the arrows in 20 are co-full, there is a 2-cell §: fit; = foty such that dv G uss is
equal to the pasting of this diagram. Then we get that

t1 01U sr t1U1 o sr v1

vlﬂlﬂQSTl Otugsrl) lvl

v1ﬁ1ﬂ287”t Csrd) lw Bl lfl
t1

= t2 f2
tzl ol lf 1
f2
and hence we conclude that with ¢ thus defined, (9) is equivalent to (8). =

We now want to address the question about uniqueness of 2-cell representatives with
a given left-hand side. The following is the closest we can get to uniqueness for 2-cell
diagrams with a given left-hand side without adding any further conditions on the class
2. This result is due to Matteo Tommasini [11], who first pointed it out to us and proved
it. We include it here with his permission, with a different proof.

5.4. PROPOSITION. Let 20 be a class of arrows satisfying conditions [WB1]-[WBS5].
Let

A A4 (11)

2N 2N

A la C B4 B and A o C W B

BN BN

A2 AZ

be two equivalent 2-cell diagrams. Then there exists an arrow w: D — C' such that
uvw € W and fw = yw.
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PROOF. Since the two 2-cell diagrams in (11) are equivalent there is a diagram with
invertible 2-cells,

Ay
C<——-F—-1sC
Ay
with wiv1s € 20 such that
s s v1 (12)
t| el lvl = tl sglliJf all lul
— V1> —_—
V9 u9
UQj al lm
TQ>
and
S s v1 (13)
tt el l”l = tl e2l 1J2 By lh
—U1> —>l/—>-

U2L odl2 lfl

f2

We want to use the first equation to derive a relationship between £; and 5. To make it
possible to cancel o we first apply Proposition 2.5 to uie1: ujv18 = wujvit to obtain an
arrow Uy : F; — F in 20 and an invertible 2-cell €1 : sty — tu; such that wjv1&1 = wie14y.
Furthermore, by Lemma 2.7 there is an arrow w;: Ei — F; in 20 such that v1&,w, =
grujwy. Similarly, applying Proposition 2.5 to uses: usvas = ugvot gives us an arrow
u9: By — E in 90 with an invertible 2-cell &9: st — tis such that ugva€y = ugeatis and
there is an arrow wq: Ef — F5 in 20 such that vyéywy = eatiqws. By condition [WB2],
let x;: B — E! (for i = 1,2) be arrows such that @;w;z; € 20 for i = 1,2. Now apply
condition [WB3] to obtain an invertible 2-cell

F 2 Eq
“lj L jﬂ2w2z2
E E
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with w; € 20. Now write 21 := wjwiz1u; and 29 := UswseToUs. Precomposing equation
(12) horizontally by z; and then vertically by u;v,56 gives the following equation:

tz1

V2

z2

SN s

yé _—
~_ 7

Z1

e1z1l

V1

al

u2

U1

ul

tz1

Similarly, (13) induces the following equation:

tz1

v2

V1

eals

f2

U1

f1

tz1

z2

/M\ s v
~_ 7 J
21
eaz1d) lz al
v2 u2
22
/M\ 5 v
~_ 7 J
z1y
eaz1l J2 BY
v2 f2

ul

fi

(14)

(15)

Since €121 = e1wix1U; = vi€&ywix1u; We rewrite the left-hand side of (14) as follows:

/\ s
>
Z1
tz1 e1z1{ U1
V1
V2 al u1
u2

s N
s

Eqwir1T
tz1 1wymm )

V1

v2 all

u2

ul
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Similarly, we rewrite the right-hand side of (14) as follows:

/UCS\ P v1 /ﬂd\ s Vo
zZ1 Z1
tz1 eaz1d f adl ul = t el Jz Ja ul
v u2 V2 u2
S22 v1

Jeazo w

Il
[N
—
e
3
)
+
=
Q

vat u2
S22 v1
Jéqwaxata J
= 2 f: 29 Ja u1
o
—

By composing with a~'tz; with the rewritten left and right-hand sides of (14) we derive
that

s 522
z9 Z1 U2V 41 z2 U2V
) g u = S g U
2 Erwiziuy —_— = £ Eqwoxoug
tz1 t

By Lemma 2.7 there is an arrow (r: G — F') € 20 such that

. - (16)
zZ2 x zZ1 x
[ )

2 gqwyzqugd = P gawawound

_— tz1 t

Finally there is an arrow r’': D — G such that ujviszirr’ € 20.
We will now combine this result with (15). We first manipulate ¢; and &5 with 0 just
as we have done above. Note that we did not need the presence of u; or us for this, so
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the same calculations apply to the compositions with 5 and . This gives us

S22

S
f1 fi
z9 z1 & Z1 ) &
:5> Erwyziud AR = <5: EqwoxoTgll Bl
v2 v2

tz1 t

Now precomposing by 77’ and using the result from (16) gives us that § and v become
equal when precomposed by the same invertible cell. So we can conclude that Sszorr’ =

vszorr’ and since u v18zorr’ = wjviszirr’ € 2, we also have that ujvyszerr’ € 20 by
[WB5]. So w = szorr’: D — C has the required property. n

We use this result together with the condition that the arrows in 20 be co-fully-faithful
to obtain uniqueness of 2-cell representatives with a given left-hand side. The following
lemma, proved by Matteo Tommasini [11] and included here with his permission, gives us
a key ingredient.

5.5. LEMMA. Let 20 be a class of arrows satisfying conditions [WB1]-[WBS5] and let
a: B— A and b: C — B be arrows such that both a and ab are in Q0. Then there is an
arrow c¢: D — C such that bc € 20.

PROOF. Since ab € 2, condition [WB3] gives us the existence of a square with an
invertible 2-cell,

X—=C

| e o

BT‘A

with v € 20. Since a € 20, we can apply Proposition 2.5 to a: a(bu) = av to obtain
an arrow w: Y — X in 20 and an invertible 2-cell &: buw = vw. Since both v and w
are in 20, there is an arrow z: D — Y such that vwz € 20 by condition [WB2]. Now
az: buwz = vwz, so buwz € W by condition [WB5]. Hence ¢ = uwz: D — C has the
required property. [

5.6. THEOREM. Let 20 be a class of co-ff arrows in a bicategory B satisfying conditions
[WB1]-[WBS5]. Then each 2-cell in B(Q~1) has at most one representative with a given
left-hand 2-cell.

PROOF. Given two 2-cell diagrams with the same left-hand side as in (11), Proposition 5.4
gives us an arrow w such that uyv;w € W and Sfw = yw. Since u;v; € W we can apply
Lemma 5.5 to obtain an arrow xz: D’ — D such that wr € 20. Now we have that
Pwx = ywx and since the arrows in 2T are co-ff we conclude that 5 = ~. ]

5.7. COROLLARY. Let 23 be a class of co-ff arrows in a bicategory B satisfying conditions
[WB1]-[WBS5]. Then each 2-cell in B(20) has precisely one representative with a given
left-hand 2-cell.

Proor. This follows from Lemma 5.3 and Theorem 5.6. m
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5.8. REMARK. This provides further understanding in regard to the results provided in
[1] and [7] where no equivalence relation is needed for the 2-cells in the localizations:
Abbad and Vitale introduce a category of so called faithful fractions where the objects
are arrows in 20 and hom-categories are hom-categories in the original bicategory between
the domains of the objects. Roberts uses these conditions to obtain a decription of the
2-cells in his bicategory of fractions that can be viewed as the classical a 2-cell diagram
with a strict pullback square as left-hand 2-cell. In the next section we will work out the
case where one has pseudo pullbacks for arrows in 2.

5.9. COROLLARY. Suppose that 20 be a class of co-ff arrows in a bicategory B satisfying
conditions [WB1]-[WBb5]. Then the universal homomorphism Jy: B — B(20™!) is
2-full and 2-faithful.

PROOF. To show that the homomorphism is 2-full, consider an arbitrary 2-cell between

Ja(f) and Jyg(g). This will have a representative of the form

A

I

A a0 C B4 B
\lt/
1a g

A

Now consider the square
1a
A—-A
1a LA \L 14

and Lemma 5.3 says that we can represent the 2-cell between Jyy(f) and Jyy(g) using this
square on the left side. Thus, the 2-cell is the image of a 2-cell in B.

To show that the map Jyy is 2-faithful, suppose that we have two 2-cells Jyy(cr) and
Jag(3), represented by

A A (17)

b, LN

A ta Aalgl B and A w1 Apial B

k LI% 1a 14/,
A

A

which represent the same 2-cell in B(20~!). Then there must be maps ry,ry: E = A with
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2-cells 1, €5 as in
A

1a 1a
a

A< F-22 A

1a 1a
A

satisfying the equations to make the two diagrams in (17) equivalent and such that
1alar € W. Write €], e5: 1 = 1o for the induced 2-cells. Since the left-hand squares
are just identities, this implies that €] = €}: r; = r9. The other equation then implies
that a oe] = S oe. Since €] is invertible, this implies that ary = fry.

Since 141471 € W, we conclude by [WBS5] that r; € 20. Hence, since the arrows in
2 are co-ff, we get that there is a unique v: f = g such that yr; = ar;. Hence, « = 3. =

6. Bicategories with Pseudo Pullbacks

We now apply the ideas of Section 5 to represent generalized 2-cells using pseudo pullbacks.
If a bicategory has all pseudo pullbacks of the form

p_T
wt&\w
)
7

where w € 2, and the class 20 is stable under these pseudo pullbacks in the sense that
w € W implies that w € 2T, it is possible to use the pseudo pullbacks as chosen squares
as in [C2] of Notation 3.2 in the construction of B(20~!). This makes the construction
of this bicategory more canonical; see [13] for instance.

We are interested in a different use of the pseudo pullbacks: as the left-hand sides of
the generalized 2-cell diagrams. (The case with strict pullbacks was considered in [7].)
This will allow us to simplify the horizontal composition operations. It will require some
additional assumptions on B and 20, so we will develop conditions under which each 2-
cell has a representative diagram where « is a pseudo pullback. The first condition is the
following.

6.1. DEFINITION. We say that 2 is pullback closed if for any pseudo pullback

P-“-RB

| 5 |

<R

with arrows u, v € 20, the composite uv is again in 7.

Since p is invertible, [WBS5] will imply that vz € 20 as well.
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6.2. PROPOSITION. If B has all pseudo pullbacks for cospans in 20, and 20 satisfies
conditions [WB1]-[WBS5], is pullback closed, and all arrows in 23 are co-full, then each
2-cell in B(A™Y) has a representative with the left-hand 2-cell a pseudo pullback.

PRrROOF. For any 2-cell diagram,

Al (18)

A//

the pseudo-pullback square
P

5 =
vl Do Lv

A// T_ A

exists and has the property that vv’ € 20. Hence, by Lemma 5.3 there is a representative
of (18) with this pseudo-pullback square as left-hand 2-cell. n

Moreover, the argument from Theorem 5.6 gives the following.

6.3. PROPOSITION. If 2 satisfies conditions [WB1]-[WBS], is pullback closed, and all
arrows in W are co-ff, then there is a canonical representation for each 2-cell which is
unique up to equivalence of the central object.

PRrROOF. The representation using the pseudo pullbacks is canonical and as unique as the
choice of pseudo pullbacks. [

We finally show that if 20 is closed under pseudo pullbacks (rather than pullback
closed), we can still use pseudo pullbacks to define the 2-cells:

6.4. PROPOSITION. If 20 satisfies conditions [WB1]-[WB5], is closed under pseudo
pullbacks, and all arrows in W are co-[ff, then the 2-cells in the bicategory of fractions

can be uniquely represented by 2-cell diagrams with a chosen pseudo pullback as left-hand
2-cell.

PROOF. Let 20 be the class of arrows generated from 20 under composition and closure
under 2-isomorphisms. Then 20 satisfies the stronger bicategory of fractions axioms, is
pullback-closed and its arrows are still co-ff (this property is preserved by composition

and closure under 2-isomorphisms). So the result from Proposition 6.3 applies to 2. Now

—

note that J: B(W™!) — B(W™') is an equivalence of bicategories and in particular, it is

—

2-full and 2-faithful. Hence the 2-cells in B(20~!) between arrows in the image of J are
in 1-1 correspondence with 2-cells between the original arrows in B(201). =
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Vertical composition of 2-cells is not simplified by taking representatives with pseudo
pullbacks. In fact it is slightly complicated, since we need to calculate the vertical com-
position of the 2-cell diagrams and then construct an equivalent 2-cell diagram that has
the pseudo pullback on the left-hand side, using the lifting as in the proof of Lemma 5.3.
However, the horizontal whiskering operations can be significantly simplified by using
pseudo pullbacks, as we show in the following two subsections.

6.5. LEFT WHISKERING WITH PSEUDO PULLBACKS. Throughout this subsection, we
will assume that B has all pseudo pullbacks of cospans in 20 and that 20 satisfies all
conditions of Proposition 6.2: its arrows are co-full, it satisfies conditions [WB1]-[WB5],
and is pullback closed. We will further require 20 to be full. (Note that if 207 is co-fully
faithful, this is implied.) We furthermore choose a pseudo pullback

T /
P’uhuQ A
<
A" A

u2

for each cospan A'—=A<=—A" in 20 and will now describe the left whiskering operation
for 2-cell representatives with these chosen pseudo pullbacks as left-hand 2-cells. So we
consider whiskering of the form

Al (19)

/ T fl
T
v

A//

B—7 -(C

where p,, 4, is the chosen pseudo pullback. We construct the composition of the 1-cells
using chosen squares y; and 7, as in Section 3.5,

D/ ?1 B/ D// ?2 B/

nEEn
! "

A fi B A fo B

such that wy := u;7; and wy := uyvy are in Y. Let

!
™

/
Pwl,uu D
! = —uiT
Wz\ Pwywy W1=u101
D" A
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be the chosen pseudo pullback. Then there is a unique arrow h: Py, w, — Py, u, such that
mh = vy, moh = Vol and pu, ueh = Puwyw,- Finally, let 5: fim] = fy7m) be the lifting
of the diagram,

with respect to v (this exists because we assume that 20 is full). Then the result of
whiskering as in (19) is given by

A<D (20)

TN

A puwy wo b Pw17w2 BY B’ i> C

N

A// = D//
2

6.6. LEMMA. Diagram (20) is equivalent to the diagram (3) obtained for this type of
whiskering in Section 3.5.

PROOF. It was shown in [12] that any pair of choices of the squares and liftings in the
composition construction of Section 3.5 give equivalent 2-cell diagrams as long as we use
the composition squares from [C2] of Notation 3.2 for the composition of the 1-cells
and the squares have the right properties. The only place where the chosen squares are
essential is in the composition of the 1-cells, so with the exception of the cells v; and
we can replace all cells used in the whiskering algorithm from Section 3.5 with cells and
squares we have just constructed above. So we will redo the construction from Section 3.5
and use the universal properties of the pseudo pullbacks to adjust the squares to obtain
a 2-cell diagram that is clearly equivalent to (20).
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Recall that in Section 3.5 we used chosen squares 01, do and d3 to obtain diagrams

u1

T“/ ~

pul,ugu Pu 5; »U T

1,U2
\l . \52
ug \

/
o1l
U1
1

(21)

By the universal property of the pseudo pullback there is an arrow ¢: 7' — Py, u, such
that the following diagram pastes to the same 2-cell as the first diagram in (21),

We now replace the chosen squares d1, d2 by the new commuting squares in this diagram

and let 03 = id;. We obtain the following diagram,

This is almost a 2-cell diagram: we just need to take a lifting 5” : 7ﬁlt1 = 72ﬁ2t2 of the
right-hand side with respect to v (which is possible since v is full)
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To show that the resulting 2-cell,

“ (22)
Tﬂ' 7r1t1
Puq ug ¥ Pul,u2
Tato
u2
/

is equivalent to (20), note that there is a unique arrow t': T' — Py, 4, such that py, w,t" =
Purupt- Now St is another lifting of the right-hand side in (19), so the diagrams with 3’
and St’ on the left-hand side are equivalent. Hence, (20) and (22) are equivalent. n

6.7. RIGHT WHISKERING WITH PULLBACKS. Throughout this section, we will assume
all conditions of Proposition 6.2: B has all pseudo pullbacks of cospans in 20 (and we
will use the chosen pseudo pullbacks as in the previous subsection), 20 satisfies conditions
[WB1]-[WBS5], is pullback closed, and its arrows are co-full. Furthermore, we will require
20 to be full as well. We now consider right whiskering for 2-cell representatives where
the left-hand 2-cell is a chosen pseudo pullback. So we start with the composition

B’ (23)

PN

Aty 1 _B* .t P, B N

1,02
T2

B//

where P,, ,, is the chosen pseudo pullback of v, and v,. First we construct the composition
of the 1-cells using chosen squares [C2]

D/ ?1 B/ D// ?2 B//
gt L u lm and 72 L 2 lvz
A/ T B A/ T‘ B

such that v := uv; and uy := uvy are in 20 as in Section 3.6. Let

T /
Pu17u2 ‘D
<
T2 l/ Pay,us l“l
D" A

be the chosen pseudo pullback of u; and uy. Note that py, ., : 0171 = uUaT2. Since u
is full, there is a lifting py, 4,: D171 = Va2Ta. This cell can be pasted with v, and 5 Lto
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form -
p—I _p (24)
1 = j 1 \
V1 pas
Py, Puiugd A 7 B
_ "/_1
) v2 é v2
D// — B//
fa

By the universal property of the pseudo pullback P,, ,,, there is a unique arrow
h: Py, — Py, 4, such that mh = f, 7 and mh = f,7o (25)

and furthermore, p,, ,,h is equal to the pasting of (24). We claim that the following 2-cell
diagram represents the result of whiskering (23):

p—" p (26)

/ T“ _ Tﬂ\

A Puy uglh Pu17u2 EEEEErEE—— Pm,vz BY C

S o

D// Bl/

fa

6.8. LEMMA. Diagram (26) is equivalent to the diagram (5) obtained for this type of
whiskering in Section 3.6.

PROOF. Again, we use the result from [12] that the equivalence classes of the resulting
2-cell diagrams in the whiskering constructions and vertical composition construction do
not depend on the choice of the squares and liftings used as long as we use the chosen
composition of 1-cells and the appropriate arrows are in Q3. We will now go through the
algorithm of Section 3.6 and substitute the cells above. We will show that the result is
precisely (26).

In (4), we take for §; and d respectively,

_hy _hy
" \ ] lﬂ-l " l ] L "
—fi=> and —fo>
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This allows us to take r1 and 75 to be identity arrows and t; = 7; for ¢ = 1, 2. Furthermore
©; 1s given by

_h
ﬂ'il = lﬂ’z
e
fi
and ¢; = idg,z,, for « = 1,2. The next step is then to compare the pastings,
i \ l / /L
T = ™ =
—fhH— and —fo—> <:
f
Here we may choose p and ¢ to be identity arrows, 7 = id;, and & = py, u,, Since
h h
2 #1 = lﬂ’l 2 7r2

by (24) and (25).

Omitting the identity coherence cells, the resulting 2-cell diagram is
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where all unlabeled arrows are identity arrows. Composing the cells in both the left-hand
side and the right-hand side of this diagram gives us the 2-cell diagram in (26) as required.
]

6.9. HORIZONTAL COMPOSITION OF 2-CELL DIAGRAMS WITH PSEUDO PULLBACKS.
Suppose that we have two 2-cells that we want to compose:

/ \ / \ (28)
A Puy, uQU Pul,ug Puy, UQu P’U17U2 C
x lw% X lﬂ%

A// B//

The horizontal composition of these two general 2-cell diagrams is rather involved,
being a combination of two whiskering operations and a vertical composition. However,
for 2-cell diagrams with pseudo pullbacks as left-hand cells, the right-hand side of the
horizontal composition can be calculated as a lifting with respect to v; of 5 composed
with suitable invertible 2-cells, whiskered with g; and then post-composed with ~. If
furthermore, § is invertible, the horizontal composition can be calculated by using two
universal arrows obtained from the two pseudo-pullback squares in the initial diagram,
whiskered with v. We describe this here.

Let 0, and dy be chosen squares (as in [C4]) such that u;7; and usUy are in 20, as in

the following diagram.
/ \ B’

g1
!
A Puq,ug Pu1 us Puy,ved U17’02 Als
T Al TR
X l / x l E/
A 2 B

D/

(Note that this diagram is not a pasting diagram.) The left-hand side of the composed
2-cell diagram will be the chosen pseudo pullback py, 3, u,5,- By the universal property of
Puy .y, We obtain a unique arrow

Way st Py ugza = Py s



BICATEGORIES OF FRACTIONS REVISITED 961

such that Putug Wugue = Puivnugvas

D D
V1 U1
A ™ A ™
/ TWA/ = /
Wy ,ug o
A Pul,ugu Pu17u2 <~ Pu1§1,u252 — A Pulil,uQ?QU PU151,1L252
”, l/ﬂ-A// = us
A// T/ A” T
v2 U2
D' D’

The arrow w,,, 4, can be used to construct the following pasting diagram,

If 8 is invertible, the universal property of the pseudo pullback P,, ,, gives rise to a unique
arrow
Wy vy Pulﬁl,w@ — Pm,vz
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such that
I 1
D B’ D B’
51
o <=
v1
™ A’ U1 ™ = T v1
= AL { fl\
Wauy,ug Wy ,vg
PUﬁLuz% Pu17u2 5U/ B = PUﬁLUQUz Pv1 U2 porod B
= T Al l/ f2
T A” s T/ = T vs
U2 —1
2,
D _ B D' _ B
f2 f2

Then the 2-cell diagram representing the horizontal composition of the 2-cell diagrams in
(28) is

D n B (29)
™D = 7TB/
Woy,vg
A Puyvy 1“252U Pulﬁl,ugﬁg - = Pvl,v i C

2
x lﬂ-D, = lﬂgﬁ/
D/ - B/l

2

The full details that diagram (29) is indeed the desired horizontal composition of the
composable 2-cells in (28) are given in Appendix D.

If 8 is not invertible, we cannot use the universal property of the pseudo pullback
P,, u, as described above and we do not obtain such a nice reduction, but we will present
the horizontal composition for that case in Appendix D as well.

7. Future Directions: An Application to Orbifolds

In this section, we briefly sketch how the results in this paper apply to the bicategory of
orbigroupoids. Details will be given in [6]; here we only give an overview.

One way to define orbifolds is by using the 2-category of orbigroupoids: étale groupoids
internal to a category of suitable topological spaces, such as topological manifolds or some
more general category of spaces. Then we consider the class of essential equivalences,
maps that are categorical equivalences internal to the topological category chosen: they
satisfy a suitably topologized version of being essentially surjective and fully faithful.
This bicategory has all pseudo pullbacks for cospans of essential equivalences. For more
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details, see [2, 4]. We define orbifolds as the bicategory of fractions of orbigroupoids
with respect to the class of essential equivalences. Essential equivalences are both ff and
co-ff. The class of essential equivalences is also pullback closed as in Definition 6.1, and
satisfies the BF conditions from [5]. Thus, we can apply the results of Corollary 5.9 and
Proposition 6.3 to get the following:

7.1. THEOREM.

1. The universal map from the 2-category of orbigroupoids to its bicategory of fractions
with respect to the class 2 of essential equivalences,

Jyr: OrbiGroupoids — OrbiGroupoids(20~1)
s 2-fully faithful.

2. Each 2-cell in OrbiGroupoids(20~!) has a unique representation by a 2-cell dia-
gram with any given left-hand side.

3. Given a choice of pseudo pullbacks for cospans of essential equivalences the 2-cells in
OrbiGroupoids(0~1) can be uniquely represented by diagrams with these pseudo
pullbacks as left-hand 2-cells and horizontal composition can be calculated as in
Section 0.

Furthermore, there is a subclass € C 20 of essential covering maps, defined by,

7.2. DEFINITION. Let G be an étale groupoid. An essential covering map
$GTU) = G

is determined by a (non-repeating) collection of open subsets U C P(Gy) which meets
every orbit of G (although it may not cover Gy). Then G*(U) is the groupoid defined by
G U)o = [y U, with ¢ff: GU)o — Gy defined by the inclusion maps. Furthermore,
the space G(U); and the remaining maps are determined by the pullback diagram

G(U), A G

(s:)| l(s,o

G(U)o x Q(U)OW% X Go

0 X%0

The class € of essential covering maps is locally small and satisfies conditions [WB1]-
[WB5]. As essential equivalences they are also ff and co-ff. So we get a bicategory
OrbiGroupoids(€!) with small hom-categories, where

Je: OrbiGroupoids — OrbiGroupoids(¢™!)
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is 2-fully faithful. Furthermore, the essential covering maps are weakly initial in the essen-
tial equivalences in the sense described in Definition 4.2. Hence, there is an equivalence
of bicategories, OrbiGroupoids(€™') ~ OrbiGroupoids(201).

Now € is not pullback-closed. However, because of this equivalence of bicategories
we can use the 2-cell diagrams from OrbiGroupoids(20~!) as 2-cells between arrows in
OrbiGroupoids(€7!), and hence represent these by 2-cell diagrams with pseudo pull-
backs as left-hand 2-cells; these are not necessarily in the shape required of 2-cell diagrams
in OrbiGroupoids(€!) because certain composites will not be in €, but they can be
used as an alternate way to represent the 2-cells in this bicategory. This allows us to use
the simplified composition described in Section 6. So we conclude:

7.3. THEOREM.

1. The bicategory of fractions of orbigroupoids with respect to essential covering maps,
OrbiGroupoids(€1) has small hom-categories.

2. The pseudo functor Jy: OrbiGroupoids — OrbiGroupoids(€1) is 2-fully faith-
ful.

3. Each 2-cell in OrbiGroupoids(€™') has a unique representation by a 2-cell diagram
with any given left-hand side.

4. Given a choice of pseudo-pullback squares the 2-cells in OrbiGroupoids(€~!) can
be uniquely represented by diagrams with pseudo pullbacks as left-hand 2-cells, and
horizontal composition can be calculated as in Section 6.

For further details, proofs, and applications, see [6].
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Appendix A Associativity Part I: Associativity 2-cells

The goal of these appendices is to study associativity coherence and well-definedness
for composition in B(QW!). In Appendix A we will construct the associativity 2-cells,
based on an extension of Proposition 2.9. In Appendix B we will show that these cells
satisfy the coherence pentagon condition. In Appendix C we verify that all composition
operations are well-defined on equivalence classes. In Appendix D we give a proof for the
presentation, given in Section 6.9, of the horizontal composition of two 2-cell diagrams
with pull-back squares for left-hand 2-cells and where the left 2-cell diagram is invertible.
Throughout the appendices, we assume that B is a bicategory and 20 is a class of arrows
satisfying conditions [WB1]-[WB5].

Consider the 2-cells 8 and 7 in Proposition 2.9. They give rise to a generalized 2-cell
in B(Q1),

D,
X upll E i A
|-
uv2 g2
Dy

We show that this is the unique cell with this property: if 5’ and ~' also satisfy the
conditions of Proposition 2.9, then the 2-cell diagram defined by ' and + is equivalent
to this one.
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A.1 PROPOSITION. Forv: C — X andw: A — B both in 20 and f: C — B any arrow
in B, and any two squares,

D1L>A D2L>A
wll a1 & Lw w2l anE Lw

<
—

<
—_

>
<

such that the composites (ff) - (a1s1) and (ags2) - (wy) are equal.

PRrOOF. Existence is a consequence of Proposition 2.9, so we need only prove uniqueness.
Let
Dy (31)

UV Tt&*
X vy B vy A
\ Lt/
vws fo
D,

be another 2-cell diagram with the property that the composites () - (a1t1) and (aqts) -
(wy') are equal. Let

vwity

be a square as in condition [WB3] and let © with

S11~)L

0o
—

5

& lsl
_—

t1
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be a lifting as in [WB4] for § with respect to vw;. We use this cell in the following

pasting,
~ S
slﬁl i |51 °
t1 w1

P
’
v w1 Vw2
t L \I
VW9

and then use condition [WB4] to obtain an arrow 7 and a cell

thov
_—

Sl’ﬂvj £ l52

—_—
t2

which form a lifting for this pasting with respect to vws. We would like to use the diagram

t1 _ S1
5v
=
5100 100
e e ——
£
to 52

to show that the two 2-cell diagrams are equivalent. However, we still need to make a
couple of small adjustments.
By construction we have that the following pastings are equal:

100 tov S1
slfwl & 131 slfwl £ 52 J ub lvuu
t1 = to VW2
T
Vw2

By Lemma 2.7 there is an arrow v* in 2 such that

t100v* t100v* s1

(32)
S100v* j 52* lsl 5100v* L €<v:* S2l £ jwl
—_— =
t1 to w2
/
tgj !; l’uﬂ
- >
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To obtain the corresponding result with v, instead of 3, ', we need to compose
with the arrow w so that the hypothesis of [WB4] is satisfied. We will also compose
the pasting diagrams we are interested in with the cells ap and 3~!. This leads to the

following calculation,

t%ut
vv* 1
S1VVV
1 N}u}

\
A

S1000*

S1 fl

1100V
ovv*|l t1

N
\

— aitid
5100V

~

1 vov*

N
e

sov* )

$100v*

4

11 0vv*
arsid

7
</
/

\bE—

NN
PN
VAVIVEV.

\

= o~
=

2

\¢

jor

i
¢

t100v*

™)

S100v*

. /o
% VN

X

4
AN
N/

1 vov*

)
<

4
X

Q
N

$100v*

B~

~+
-
[l

where the last equality follows from (32). Since 8’ and s are invertible 2-cells, we conclude
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that
Zlfﬁu*
_—
s1ovv* | dvurl | S1
tvov* S1
—_— p—
t1 |
tzl ¥ jfl sﬁfuv*l ev*l T o jﬁ
fa w to fo w

By Lemma 2.7 there is an arrow w € 20 such that

I 1 vvv*
s10vv* | Sourl | St
w 1 ovv* 51
— =
t1 |
tzl 7' Lfl slf;m}*l ev*| T v Lfl
_—
f2 t2 f2

Finally, let 7 be an arrow such that the composition vw,s,t;0vv*wr € 20. Then the cells

t1oov*wr

ev*wr
=
to 52

satisfy the equations to establish the fact that (30) and (31) are equivalent 2-cell diagrams,
as claimed. ]

S10vv*wr

A.2 NoOTATION. We will say that the 2-cell

D,

above connects the squares o and «s.
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A.3 LEMMA. Letv: C — X and w: A — B both be in 20 and f: C — B any arrow in
B, and let

A

w

B

g
5
| ]

Q

v

X

be invertible 2-cells with vw; € 2 for i = 1,2,3. For each pair 1,7, let (vB;;,7;) be the
canonical 2-cell connecting the squares oy and «; as given in Proposition A.1,

-~

v

v

D;
w2 TS“ fi
X vBijd Eij Yigd A
ti;
D;

Then (vBii, i) is the identity 2-cell on the span (vw;, f) and these two cells are closed
under vertical composition: (vBjk, Vi) - (VBij, Yij) = (VBik, Vik)-

PROOF. Straight forward calculation. [

A.4 PROPOSITION. For any path of composable spans:

VN NN

there 1s an associativity 2-cell

Qws, f3),(w2, f2), (w1, f1) * (w3, f3) o (w2, fa) o (w1, f1)) = (w3, f3) o (wa, f2)) o (wi, f1)

between the composites as constructed in Section 3.

PROOF. If we first compose the left-hand pair and use the choices as described in the
construction of B(2™1), we obtain (w3, f3) o ((wa, f2) o (w1, f1)) as the following span,

(34)

/Nﬁ
VNN
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Note that wywews € . If we first compose the right-hand pair we get ((ws, f3)o(ws, f2))o

(w1, f1) as the span,
7 (35)
@ \

where wywy € W and wews € W. The associativity 2-cell will be a vertical composite of
two 2-cells going through the intermediate:

36
w3 f1 (36)

where a3 is chosen as in [C4] with w,w,w3 € 2T; also wews € W by the choice of ay as in
[C4]. We construct the associativity 2-cell as a vertical composition of two 2-cells: (34)
= (36) and (36) = (35). (Note that by Lemma A.3 the resulting associativity 2-cell does
not depend on the choice of the square «a3.)

(34) = (36): the diagrams in (34) and (36) only differ in the following chosen squares:

f2 7 f

f1 fa
ﬁ?’t By Lw:” and wsl] azl 1U3L azl Lw3
_ L f1 f2 _ L fi1 fa
wiwo wilw?2

By Proposition A.1 there is a unique 2-cell in B(20~!) connecting these two squares. Let

(w1w2)w; fa
s1

(w1w2)erd) 014
~ 1
(w23 57
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be a diagram representing this 2-cell. Composing it with f3 gives,

_ 37
(w1 w2) w3 o Tw v
( Jerld f301

wiw2)e 3
=~ tll _
(w1w2)ws faf2fu

(36) = (35): the diagrams in (36) and (35) only differ by the following two squares:

f1 f1
—_—— —_—
W3 P ng lwg
—f— and W 2]
w2 P \WE lu&
- > _ >
fi f1
w1 w1

By Proposition A.1 there is a unique 2-cell in B(20~!) connecting these two squares. Let

wiwaea ) o2}
i A

be a diagram representing this 2-cell. Composing with f5f, gives,

= 38
et - "
52
wiwzez f3fad2l
wiw2 fafaf1
The associativity 2-cell for the composable path given in (33) is the vertical compo-

sition of (37) and (38). To calculate this composition (as described in Section 3), we use
the choices of [C5] and [C6] of Notation 3.2 to obtain a square

52
_—
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with ¢ invertible and w,W,wWssot; € W. Then the associativity 2-cell Q(ug, fy), (ws, fo).(wr,f1)
is represented by

wW1W2W,
_ t1 _ t1
_ wiwzerd 52 f301d
w1W2wW3
ol ol
wleM %fQ 62‘U

w1 Wa

to f3?2]?1

A.5 PROPOSITION. Vertical composition of 2-cells is strictly associative.

PrOOF. Consider three vertically composable 2-cell diagrams,

u1 TK u2 ’]X ug T\
s1 S0 s3
N[¥e% 181 and Yz 182 and Jas 183
ug t1 1/24, us3 to l/ Uyg t3 l/

Our proof that the two ways of composing these cells vertically are equivalent will mimick
the construction of the associativity isomorphism in the proof of the previous proposition.
The constructed cells will in this case become the cells that witness the equivalence.
However, since we are only interested in the equivalence rather that the cells witnessing
it, we will do this in two steps without composing the cells obtained in the two steps.
The two possible vertical compositions correspond to choices of squares 9; and ¢; with

1=1,2 as in
5/ N 39
?2 3o
N s N,
s a " and . 7] "
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with uysset; S5 € 20 and u252§3%v1 € 20. We will also consider the following diagram:

D
/X%x/\

where 03 is an invertible 2-cell such that ;55233 is in 20. Note that none of these are
pasting diagrams yet, but they can be made into pasting diagrams by adding the cells «;
or the cells ; as a bottom row to the diagrams. With the «; cells we obtain the left-hand
2-cells of our composite 2-cell diagrams and with the (3; cells we obtain the right-hand
2-cells of our composite diagrams. As we want to argue about both at the same time, we
will give the argument for variable v, 75 and 3. We begin by comparing the diagrams

?/ : yaN

3

(40)

1>
<

5 \/

%// Qx//\\ ,// Qx//\\

These two diagrams only differ in the rectangle with ; versus the composition of 3 and
05. As both ;515253 and 11515253 are in 2, we can apply Proposition 2.9 to these two
rectangles and obtain arrows and 2-cells as in the following diagram,

§3 ?2
/N
o1 | I

2

33 \1/ %21;1
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with the property that

4 / 2 8 4
7 Ny g “
xr1 2\/ T4 Tl

By substituting the «; for the 7; and by subtituting the f; for the ~; we see that if the
vertical composition had been constructed with the cells 41, d5 and 3 it would have been
equivalent to the composition obtained by composing the first two 2-cells first. By a similar
argument we see that the new composition is also equivalent to the composition obtained
by composing the last two diagrams first. So we conclude that the two compositions
considered are equivalent and hence vertical composition is strictly associative. [

Appendix B Associativity Part II: Coherence

We will only sketch the proof for the associativity pentagon. The other coherence diagrams
are straight forward. We will view the diagram (36) as a kind of common subdivision of
(34) and (35), and break up the coherence into transitions given by Proposition A.1, and
transitions with two layers of cells. There are two versions of this two layer case. They
seem dual to each other, but their proofs are not, as the arrows in 2 play very different
roles. The two cases are covered in Propositions B.1 and B.2 below.

B.1 PROPOSITION. Suppose we have two diagrams in B,

S and 2 (41)
w3|  azl w3 wg| B2l w3
f1 f1
P f2
wa | ol Lw2 wo | Bl jw2
—_ _
f1 fi
w1 w1
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with oy, g, B1 and By invertible and all of wy, wiWs, W1WaW3, W1We, and wiwsws in AT.
Furthermore, suppose that we have two 2-cell diagrams

w1 W2

w1Ws2

wie;d / fori=1,2,

that both connect oy and (1 in the sense of Notation A.2. And, suppose that there are

2-cells o;, 7; and 0; fori=1,2 as in
%T i \
v3,i

w:
f2

S
il -~ 0: 4
t T, -~
f2
84

|
e (_J/

such that wywywss; € W and

TR pd
\/ /

fori=1,2. Then the 2-cell diagrams,

w1wW2
s1
wied)

are equivalent.

\
N
N

<—@3 <—E3 (42)

wieal) -@'U3 2
w1Wa
f1
82

-@Ufi 1

PRroOOF. By Proposition A.1 we know that

and wiead)

wierd

S1
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are equivalent 2-cell diagrams as they both connect «; and ;. So there are 2-cells

s1 N
£
1 T2
- >
X
t1 to

such that wiwys1m; € 20 and

T1 T1 S1 T1 T1 S1
_ > _ >
T2l el lsl = T2l Pl til wierd lwlwz and T2j el l81 = sz Py ti[ (A jfl
_ > _ >
52 t2 w1Wa 52 B ta f
th wiezl L'LUI'UJZ tzl o2} lfl
_ > _ >
w1 W2 J?l

Now consider the cospan BT Since both W1 W28;v3; and w Was,r; are in W we can
use conditions [WB3], [WB4] and [WB2] to obtain a square with an invertible 2-cell,

with w Wy s;riv3; € W. We apply the same conditions then to wiWas 7 vy and wWasaravy 5
to obtain a square with an invertible 2-cell,

such that w,Was1rvsuy € W. Now write py = pluy, 71 = rjug, U3 = v u;, and
To := rhus. Finally, write ps for the pasting of

Then we obtain the following diagram,

U3,1l P:; vgj Q’g lvs,z
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Now consider the following two pasting diagrams,

1 T2 1 T2
s _ B t _ t
! Usil 2 %3 p%; 3,2 2 ! vsil 2 %\f p%; 3,2 2
- -1 - —1
= = T2 N = = T2 2,

\ ® / \ % /
51 = S2 t1 = t
w3 w3 w3 w3

Use condition [WB4] to lift the first pasting with respect to w1wW,ws3 to obtain ¢': $;77u =
SoTou; similarly, apply condition [WB4] to the pasting of the second diagram composed
with v and lift with respect to w,w,ws to obtain & i = taTouu’. Now write
r1 = T, 79 = Toun', and © = ©/'u/. Then the reader may check that the 2-cells

AN
NG

witness to the 2-cell diagrams in (42) being equivalent. ]

The following proposition is the dual to the previous one; however, the proof is quite
different, due to the special role played by arrows in 20.

B.2 PROPOSITION. Suppose we have two diagrams in B,

o L2 and o i (43)
f1 arl fi f1 Bl fi
w3 w3
wa wa
fL azl) lf le B2l lf
- -
w3 w3

with all 2-cells invertible and all of ws, w3, Watllz, W1Wa, and wiws in W. Suppose further
that we have two 2-cell diagrams

w2Ws3 2

wagsl) did) fori=1,2,

\‘ t; .
w23 f2
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that both connect an and (. Suppose that there are 2-cells o;, 7; and (; fori=1,2 as in,

f1
_—
w2
Gl T
\l il
w2
A

such that wiwys; € W fori = 1,2, and

[ s
?
/
- /

1 91,0 = 91,i
\/1 l d \l
wa W3 w3 123
fori=1,2. Then the 2-cell diagrams,
_ 45
w11l . w1G2d iz o2}
\ b / \ ol /
w1 w2 wiw2 f2
are equivalent.
PRrROOF. By Proposition A.1 we know that
V D 2P
S1 52
waerl and waezd) a2l
wWaW3 wa2w3 fa
are equivalent 2-cell diagrams as they both connect as and f5. So there are 2-cells
(46)

S1 S92
£
T1 T2
-
X
t1 to
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such that wewssiry € 20 and

_— _— _— _—
S2 to Wwo 3 52 _ to fa
tzl waeal) lwzw:s t2l o2l lfz
—_— —_—
wa2ws3 f2

Since the composites w,W,3; € W for i = 1,2, we can use conditions [WB3], [WB4] and
[WB2] to obtain an invertible 2-cell ¢’ as in

S1
!
w1W2

— (48)

Since wywe € W, we apply conditions [WB4] and [WB2] to lift the pasting of this
diagram with respect to wyw, to obtain ¢': tyrjw’ = tarhw’. Now note that wet)’ and the
composite of

t1

—_—
7/ w,T\ ﬂ&
1 51 Cl (2

/ /\ Wa
o'w'l) EE——

T’zw/l §2/2U ~

w

/—> ?

t2

are both liftings of the pasting of (48) with respect to w;. So by condition [WB4] there is
an arrow w" such that ¢'w” is equal to the composition of this last pasting with w”. We
will need this in our calculations, so we write 7; = rw'vw”, ¢ = ¢'w'w”, and ¥ = YP'w".
This gives us the following diagram

i i} (49)
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These cells satisfy the required equation with the (; by construction:

71 T1 S1
_—

TQJ o ]81 = TQJ Pl t1] w1l ]wﬂwz
S2

_
o w1 W3
to w1G2y w1Wa

- o
w1 W2

We will next see that after precomposing with an appropriate arrow they will also satisfy
the equation for the composites of the right-hand sides of (45). Since the cells ¢ and ¥
satisfy the equation with the 0; as stated in (47), we will focus on the cylinder with the
diagram (46) as bottom and (49) as top. The sides of this cylinder are given by

Before we can discuss the commutativity of this cylinder, we need to build cells to fill in
the following frame,

Since wyWqs17 € W, we can use conditions [WB3], [WB4] and [WB2] to construct an
invertible 2-cell p; as in

where ww.5171u € 20. Use this to construct a left-hand square in the frame. To obtain
a cell to fill the remaining right-hand square, we consider the following pasting diagram,

u T2
~ _ gi,2
Tl | #2
t1
h1 i —="

91,1 A ‘tQ

t1 \
wWo W3
t2

"
N
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Now lift with respect to wowsts to obtain ps: gl,gfguf:> r2h1?. So the middle frame gets
filled as follows:

T1ut Tout

~
gl pis i |0

1 T2

Furthermore, we have adjusted the top of the cylinder to become

S1 So
;1;?
T1ut Tout
\\:ﬂ;u{/
t1 to

We have defined p, in such a way that if the half of the cylinder that contains the 1, @Z, T
and T, gets composed with wows it commutes. Condition [WB4] now gives that there
is an arrow x such that if we precompose the top of the cylinder and the middle frame
both with z, this half of the cylinder commutes. So now the top and the middle frame
are respectively,

1 utz T2 utz

S1 S2 |
B Cﬁgm o and g1,1 plle} hlfz p2xl 91,2

Trutx Toutx ‘1’
71 T2
\\p:gz o
t1 to

To investigate the commutativity of the other half of the cylinder, we will show that

Flufx o~ S1
putz)
1 utz S1
|

?gufz
hitx p1t~xl} 91,1 o1l f1 - hitx p2zd 912 o2l f1
1 S1 72 52
Ww2W3 w2W3
€
9 ol So \ to wo \
waeal) _

w2 W3

to U}Q’[ES

(50)
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We begin by rewriting the left-hand side. By (47) this pasting is equal to the pasting of

Frutx 51
_ ] _
hitz pitzl 911 o1l f1
|
T1 | 81
T2 i tj waer w2W3
to wWo W3

We use (47) to rewrite the right two 2-cells in this diagram to get

Tiuts 51 f1
h1t~xl pitzl 91'71 Loal & ar 'y
T\L il T‘ " waW3
T2 l i xj i Bl \
to w3

5171 1
> _— >
o _ _ _ _ \ _ 51
171 ¢arid w2 = T1 T2 ol A
- {/;_IU\ %2
w2
\Ltz Gl le
t1
_—

w2

so we make this substitution in the diagram above to obtain,

T1

- 1\ _ f1
— 52
t

ut~a:

hlzf PIECU l\ 4

g1.1 1\?1 Gl lwz ar 'y
T% 1 —_—> \ waW3
Wa
r2 i 6 h j Bl fl\

t2 ’Ll)Qﬁig
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We use (47) again; this time to rewrite the bottom right-hand corner of the diagram:

ulx T1

@
hitx p1t~xU IU\
] T /
7‘1ll
) \ fl/ waeal

wa W3

hitz \
oozl /

T2 / waeal

ta wawW3

w2W3

and by the definition of p,, this is equal to

’U,’tvI

woW3

This completes our proof of equation (50). Since e, is invertible we can compose both
sides of (50) by wae; 'rohytz and it follows that

T1 utz
<putxl}
1 utz S1

rgutz
hitz pitzll 91,1 o1l f1 - hitx p2xl 91 2 o2l ?1
T1 S1 T2 52
woW3 waW3
T2 ol S2

It follows from condition [WB4] that there is an arrow y such that

T ufmy

Gutzl
?1ugacy S1
| Foutzy | 52
hitzy piteyl 911 o1l fi = hitzy p2xyll 912 o2l fi
1 S1 T2 52
el

T2 52
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Hence, it follows from the arguments above that the cells

NJV

witness to the equivalence of the 2-cell diagrams in (45). ]

B.3 REMARK. Analogous to the situation in Proposition A.1, we say that the 2-cell
diagrams in (42) (respectively in (45)) connect the 2-cell configurations in (41) (respec-
tively (43)). Propositions B.1 and B.2 only state uniqueness results, but it is not hard to
prove existence as well. Since we will only need uniqueness in the proof of associativity
coherence, we will not include the proofs of existence.

B.4 PROPOSITION. For any composable path of four spans,

VNN AN N

the associativity 2-cells defined in Propostion A.4 make the associativity coherence pen-
tagon commute.

PRrooF. The following diagram shows the associativity coherence pentagon.

5o
O “" w"
@ \

@@
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We have divided the pentagon into regions corresponding to various subdivisions, and we
will show that each region commutes by one of the three results in Propositions A.1, B.1
and B.2. We sketch the argument for each region, leaving the details for the reader.

For region (I) both composites provide a whiskering of a 2-cell that connects the
squares

£ and —_—

Since there is only one such 2-cell by Proposition A.1, this region commutes.
For region (2) the two compositions connect the diagrams

_—— _— >
_— and —_
z | w ||

- > — s

as in Proposition B.1.
Region @) is the dual of region (2) and follows from Proposition B.2.
For region (4) commutativity is obtained from Proposition B.1 applied to

) @ B
4 l £ 2 l
_— and _—
«
P
Bé J—
@
A
—_— e

where we view the pasting of oy and ay as a single cell.
Region () is the dual of region (4) and commutativity can be obtained by applying
Proposition B.2 to

']

B
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where we view the pasting of as and as as a single cell and the pasting of &g and /3, as a
single cell.

Region (6) could be done with an application of either Proposition B.1 or Proposi-
tion B.2. If we use Proposition B.1, we focus on the diagrams,

—_ _— s ——
o, « (e (e
x| = | RN
_— and —_—s
[e7
P

5%
(e
Pl
— —_

Here we consider the pasting of oy and aq as a single cell, the pasting of ag and 5 as a
single cell, and the pasting of ag, a5 and a3 as a single cell.
For region (7) the two ways of composing provide to 2-cells that connect the rectangles,

—_— _— s ——

| = | and | |w ||

l l

and there is only one such cell by Proposition A.1, so this region commutes.
Region ®) is the dual of region (7) whose two compositions give the 2-cell connecting

the rectangles,
L 2 l and l 2 l 2 l et l

Appendix C  Well-Definedness of Composition

In this appendix we show that vertical composition and horizontal whiskering are well-
defined on equivalence classes of 2-cell diagrams. We start by observing that the equiva-
lence relation on 2-cell diagrams is generated by the following non-symmetric relation:

Cl Ol

VT, 1 VT f1
vy U1

A oy D py B = A ol D 8l B

DN AN

02 02
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if there are invertible 2-cells v;, 75 such that

Ch

4

t - D

and

Cy
Ch

W
p=
v}
v
4

D/
D’ D

72
<&
v

Cs

where u;t € W (equivalently, u}| € W).
The main tool we will use for this is Proposition 2.9.

with respect to this relation.

1

2
v2
!
)
t

u1

f1

By

BN

fo

So it is sufficient to check well-definedness

We will repeatedly create squares that can be compared using this proposition and the
cells produced that way will show that the 2-cell diagrams resulting from composing or
whiskering equivalent 2-cell diagrams are again equivalent.

C.1  PROPOSITION. Vertical composition of 2-cell diagrams is well-defined on equivalence

classes.

ProOF. Consider two 2-cell diagrams

Uy T\
V1
Yoy I8

and

and

(51)
I
o2

(52)
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with 2-cells 1, 2,3 and 74 such that

Ch

and

3
[N
\

[~
£
\

u1

<
=

arl

U

1

[y

Bl

f2

-
N
& S
/ \
=

s

azl

U

w
/
<

B2l

“;
\

Sy

/

ot d)

U

N

f1

A

AL

f2

BN

ul

A

abl)

u2

RN

f

A

Bzl

f2

BN

A

B

A

B

989

(53)

(55)

(56)
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Vertical composition of the two 2-cell diagrams in (51) is given by

‘ (57)
/ J1\
3
U4
and vertical composition of the two 2-cell diagrams in (52) is given by:
(58)

u2

for suitable arrows x1, x2, ¥1, ¥2 such that u;v;2, and uyv,y; are in 20 and suitable invert-
ible 2-cells 0, and d2. By equations (53)-(56) the 2-cell diagram (58) can be rewritten as:
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u2v3

This gives us invertible 2-cells £; and €5 as in the following diagram,

where usvszor; € 27 and such that

T2

Y2

to

T1

v

e1l

t1

52U LU&

JE——

w.

U
uzy3d)

2724

N

u2v3

1 tiya
750

<T1— —T2—>

T2 toy2

T1

1

= 7’2l EQU

U202

aiz u2021) lum&

tay2

U3
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Now the reader may check that the following diagram can be used to show that the 2-cells

diagrams (57) and (58) are equivalent:
v/ w1
i

<~

1 a1 Y1

<Tr1— —TIo—=

T2 l 2 2
<o
N4

C.2 PROPOSITION. Left whiskering of a 2-cell diagram and an arrow in the bicategory
of fractions is well-defined on equivalence classes of 2-cell diagrams.

Proor. We will again consider a generator of the equivalence relation:

\f/ g‘f‘:

Whiskering these 2-cell diagrams with <*——2> gives us the following 2-cell diagrams:

PN

/ Pe 1
RN -
Nﬁ 97> N Ef gfs

UU G Ygp and
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where Bl is the lifting with respect to v of

To show that 2-cell diagrams in (60) are equivalent, we begin by applying Proposition 2.9
to the following two diagrams:

S1x10 1210

This gives us arrows y; and y, and cells p; and ps as in

o

p1l p2{
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with the property that

y2 | AL U1

&4
)
<
=
|
Il
8
N
\<
Q
Y
8
Ay
S
Q
—
8
50
=
|

/

VooV 51 S1

Now we apply Proposition 2.9 to the following two diagrams:

Y1 Y1
- - 5
Y2 I3} Y1 T2
0] o1 Z2 D D2
and 282001
. N T
T2 TU2 T2 \
Vo i
_— 2 €2
=
_ o5 s _
s 2
2 to /
_ _
Vo P
U2V U202

this gives us arrows z; and z, and cells w; and wy as in the following diagram

toZoty1 Y1
4 | 4

w1
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with the property that

21
— (62)
w3
22 w2 Y1
z21 1
-
@J Y1
22 ¢1 To0 Y2 0
Y2 i Vo ] £l To
w1 ToLoDY —
“1 2%20y1 =
) | . A
v X2 T2 U2
U2
t €2 _
! <
T2 : S 2 S2
t‘f / 2 <=
-
52 U2 Op)

The cells we have constructed so far allow us to perform the following calculation of
pasting diagrams for any cell §: dys; = dass:

5 / \
i \151 TSI h n Tguu 0 T\
NS D o 1| N
R l” d> Mzm A L%
A

q
w
S
=
>,
=
|

210 1 t1
Y222 Y121 U A\;/ e

Applying this result with g instead of J implies that

1210

r2g2 sww tlx 0]

Y222 Y121
y222

y1z1 sgajgv tg:t%

?2 823321]
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So by Lemma 2.7 and WB2 we get an arrow ¢ such that usssrveZs0y,21q € 2J and

) 1 A f1
1z0q 2321 51210 tlxlv
E riag > | I Y2724 1719
woq —_—— 1 =
N~ z
Z Y2229 B | }
y1z19 82?1} tga:gv
?2 52$2U

Applying the calculation above with a instead of ¢ gives us the remaining result to con-
clude that the arrows and cells in

S1x10 11310

P2724
2722
Y1229

/ wag ™\

Y222q Y1219
wéq
S2x20 EQi‘Q'D

witness to the fact that the two cell diagrams in (60) are equivalent. We conclude that
left-whiskering is well-defined on equivalence classes of 2-cell diagrams. [

C.3 PROPOSITION. Right whiskering of a 2-cell diagram and an arrow in the bicategory
of fractions is well-defined on equivalence classes of 2-cell diagrams.

Proor. We will sketch the proof of this result as the details get rather involved and don’t
necessarily illuminate the idea behind the proof. Any interested reader is welcome to
contact the authors for further details.

Consider the following whiskering diagrams:

A W7 NS

and -~ al ‘<a— —a—>

NV

We want to show that the 2-cell diagrams that result after whiskering are equivalent.

(63)
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These two diagrams are

(64)
and
A (65)
1
erty
7 %\A
41U | f311l\A
W b S s sﬁ\
u oy e, TS s e,
N, 1™ L 7L ¢|/
\[Yf P 1U\1//ﬁil I [Yf/ ’ b2 f 2
\12 L 12/
Vo \i/
|
t
{
respectively.

We will produce the cells that witness that these diagrams are equivalent. To do this,
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consider 2-cell diagrams comparing the following four squares:

Tox pr1 1 Fol P f{ a (66)
-1
7oz |p L oz |p 7o 0%:
p; Tezl Tl |5 “Podl

b1 81 52

3
n
s
»
o
bS]

t1 fl

f f
u u
_ _ / £r
T qr2 f2 fQ a
= 1. 0
T p2 lell £
T2
q w2l 52 G2l py 52
=
t2 _ fg _
fa fa
V2 Y2 v2 V2 Y2 v2
f f
u u

By composing these 2-cell diagrams vertically, we obtain two 2-cell diagrams comparing
the top left and bottom right square. By Proposition A.1 these 2-cell diagrams are
equivalent. This will provide us two additional cells which paste with cells from the 2-cell
diagrams to provide us the cells that witness the equivalence of (64) and (65).

We start with the 2-cell diagram comparing the two squares in the top row. However,
we will ignore the cells v; and a~!. So by applying Proposition 2.9, we obtain arrows c, é
and cells & and & as in

t1piax fiprifax (67)
-~ &l &2

t1pfad afiprirai
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such that
e 9;:1 i p o
oz by s1. = ¢ & fl
p f Tox pri fi ‘

T2 | prigxl)

3
w
=

The 2-cell diagram to compare the two squares on the right-hand side of (66) can be
built from cells we have already. The two arrows in the middle can be taken as identity
arrows, and we will omit them to avoid adding unitor cells. So the reader may verify that
the following 2-cell diagram compares the two squares on the right:

(69)
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Composing (67) with (69) gives us:

DORETTE PRONK AND LAURA SCULL

(70)

Similar to the situation for the right two squares, the 2-cell diagram comparing the two
squares on the left of (66) can also be constructed from cells we have constructed already.
Again collapsing all identity arrows, the following 2-cell diagram is what is needed to
compare the left two squares:

(71)

To compare the bottom two squares in (66), we apply Proposition 2.9 to

to

T
parizl
T2

qra fé
w2}

and

iz

N A £r
12 i I3 a

pat1al

b2 §2

@2l
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togriz fhqrafix (72)
uve wil w2l

This gives us cells as in

o v
d
oG 2 af}gratid
such that
~ —_ ! ~ —
d iz qr2 I3 d 1z o q (73)
d| Tz |p2fizd d 13
a
T2
Fa] wig w2l 2. = #i 2
E 2 E bo S2
t2 ?2 ~
to
fa
Composing (71) with (72) gives us:
p Tox Tox (74)
T A S & A N
r opd T opg ) iz Mz pg

2 A7 XA
afyqfat1d

2
V2 82%
\M/(Z lel

togr1 &

As we noted at the beginning, the 2-cell diagrams (70) and (74) are equivalent, so
there are arrows and 2-cells as in
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to witness this equivalence; i.e., such that

Bk fipF1faz

—_—
\ o\
) ”x\pj P
s

T
|
|

wall

afé qrot1 &

Pod
(75)
and
p Tox
i r” opd T pglli _ c
1T
Evalvaissd
U1 /—1

g
|
Il

2 e2 €1
- ezl %
2

\\wlu/

(76)
It can be checked by a long but straightforward calculation using all the equations set up
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in this proof that the following cells witness the equivalence of (64) and (65):

VN

<€1— —€2>

= /\
N

\/

Appendix D Horizontal Composition of 2-Cell Diagrams
In this appendix we provide a proof for the following result, described in Section 6.9:

D.1 PROPOSITION. Let B be a bicategory and let 05 be a class of arrows in B that is
pullback-closed, satisfies the fractions axioms and s full and co-full. If the cell B in the
following diagram of composable 2-cell diagrams is invertible,

N e

Puy, ugu Pul U2 Puy, v2u P'Ul Vg
T Al TR
x l / x l J/

" B//

then the horizontal composition of these 2-cells in B[20™!] can be represented by the 2-cell
diagram
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I

D B’ (78)
A o Woyp,vg
pulvlvu2”2U Pulﬂhugig - P’Ul V2 2as O

D/ — B//

as described in Section 6.9.

PRrROOF. We construct the horizontal composition of the 2-cell diagrams of (77) using
whiskering and vertical composition:

([pvhvza 7](]627 UZ)) : (('Ula gl)[pm,um 5])

We start by considering the whiskering (v1, g1)[pusus, 3]- To construct this, we need the
chosen square:
o1

f;‘ ler,2 ‘fz

_—
v1

This lets us construct the composition of the spans of arrows as in the following diagram
(which is not a pasting diagram):

u T\ wl\f

A Puyuz J Pul,uz B Beuvu—pB 2,0

S

us ﬂ'];/// / lJ/ 51_7%/ 3
A// D*
The left-hand 2-cell for the 2-cell diagram representing the whiskering (v1, g1)[Puy us» 5] 18
the pseudo-pullback square

!
™D

piuﬁl,UQUf D
7'I'ID,,< l Z‘upulﬂl,uQUi‘ U101
D* A

u2vy
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Let Wy s : Puywyugo; — Puyup, be the unique arrow such that PurusWey wy = Puat ugvs -
Then the right-hand 2-cell in the diagram representing the whiskering of [py, u,, 3] with
(v1,1) can be obtained by considering diagram below and then taking a lifting with

respect to vy for the right-hand pasting diagram (using fullness of 20):

A

We write §: f,7), = fimh. for the lifted cell. We obtain then the following 2-cell diagram
in the bicategory of fractions:

D
%l T &
D
Il
g1
pulvl "“2” 11)1’1/421)1 B/ _— C

’LL
k

Now we consider the other half of the composition, the whiskering [py, v,, 7](u2, f2). The
domain and codomain spans of arrows for the whiskering are constructed in the following
diagram (not a pasting diagram):

D* f3 —> B’
/”T // S TNB\
A < u2 P > B / upm v Pv1 U2
\52 = b2 \ lﬂB”
\ X \

D/ B/l
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To find a 2-cell diagram representing this whiskering, we start with the pseudo pullback,

//

Tp* *
PUQ’U’{,’U,QEQ D

1

7TD/ I‘U'puzv{,uQEQ A”

D’ A" A

Using fullness of 27, let
D* D*

P, UVY U202

” 5
Tt Z'U’pu2vf,u2?2 UI

D/ A//

U2

be the lifting of this diagram with respect to ug, and let xy, v, Puyvr upzy — Poy v, be the
unique arrow such that the following equality of pasting diagrams holds:

B D —> B’
Tp= \
TR
Tvq,vg H _ /"
PUQvf,uQEQ Pvl U2 p“l v B = Pqul U2V u2v JuQTg A —> B
- /
?27"”/ v g/
D ~
B// D/ B/I

The whiskering [py, vy, 7](u2, f2) can now be represented by the diagram

- 13 B’ (80)

uv] ) g1
L = Tt
Toy,vg
A Upuzvfyuzﬁz ugvi,ue®e Pvl,vg by C
//
’ 7TB//
\x J D g2
D’ B

fa

We now want to construct the vertical composition of the whiskerings [py, v, 7|(fa2, u2)
and (v1, g1)[Puy us» ] as presented in (79) and (80). For this we need the following pseudo
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pullback (or any square that commutes up to an invertible 2-cell):

1
R Puﬁl U207

7r2\ I lﬂ'b*

*
PU2UT U202 ' D
D*

Furthermore, let r: R — P,,3, u,5, be the unique arrow such that the following equality
of pasting diagrams holds,

D D
%T
J—— U101
D
TD Puwnvzvl
// y \ pulvl vgv
R r ? Pulvl,u2v2 p“l“l U2V = R ﬂf’ — ugv] — A
| N g
Tp! -Pug'uik , U202
7rD/7’
UV
)|
D' D'
Now let
/ 91f1
u1v1 U2V2 B'YU O

N 92?2
D/
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be a lifting with respect to r of the pasting of the following diagram,

PU1517U2U2

T ulvl,uzvl

/\

R p

r UQ’UI ,U2V2

\

Tvy,vg ——— P’U1,’U2

/

N
i

We need to show that the 2-cell diagram (78) that we constructed in Section 6.9,

ﬂ'B//

~ s

~ \Z <: &\r

B//

Puﬁl,uﬁz T/ 7
2

D fa B’

’UJ»Ul,»UZ
P, . o2l C
1,02

A Puyy »“252U Pulﬁl , U202
Tp! = TR
U2V 92
D/ B//

fa

is equivalent to the following diagram, whose right side is the lift of (81) with respect to

: D (82)

U101 ]W 91?1
D

A Puyy,ugvy Puﬁl,uﬁz B\%’ C
\ lﬂ-D//v
U202 92?2
DI
To do this, we precompose va by r, which allows us to expand Bv% replacing it with

(81). Let diagram (I) be the following sub-diagram of the result:

PUﬁLUQEQ

D D
/ I _— ! ) \
e — D* fs—> B (I)

R ? Pulﬁl,uzvf

1

T
T2 p\U, - H -
PU17'U2

P, vt ww
U2V7 U202 Tuq vy
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So diagram (81) is obtained from diagram (I) by postcomposing it with g; and then with
v. We now take diagram (I) and postcompose with v.

PU151 U202

/ H TrD/ ﬁﬂ \
ulvl Ju2vy

ugvl ,U2V2

zvl v U17’U2

Since 5 was originally defined as a lift with respect to vy, this allows us to expand B:

TD f
Pulﬂl,ugﬁg ? D \ : ? B/
u \ \51
. Il 7 Al .
|
| TﬂA’\ 1
R T Purwiuae I Py s U/B B
uyp,uQ /
lﬂ‘A// fo
[ _—
T p\) ﬂJD* A" o
* / /5_1
v} 1,2
<~ . v* / . /
P’UIQ'UIKUQEZ 1" > D * > B
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We now postcompose by py, v, -

TD
Pmﬁ U202 > D

AN
AN

<
=
=L

/
—_ —

R et PU1U17U2U1 w* Pu1,u2 B
u,u

v N B ——uw—% B
T
< T H* / v2
1"
— i \
Puzvi‘,uzvz Toy vy Pvl,v2 BY B
Ly l!, I2

By the definition of z,, ,, this is equal to

D fi
D
Pulﬂl,uzﬂg 7TID H /( AI
I / P h

"
Pm%,uw{ — wul,ug — -Pul,ug ? A f2 7

U1

T
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We can now cancel 73 and &1 o

Pulﬁl , U2V /
!

A AN

\ — —
’ PU1111,U2U2 *

N Wz A
\ TI"D* / \TI'A// Uﬂ f2 (83)
N N 7

v¥ N A// s

%

\

uzvl , U202 " ¢ D /
D* \

pu2v1,u2v2 To

7r;:/)/ / U52_ !
D . B

Puqﬁ,ugvl 4 ul,u2

<
\ / pugvl uQUVY /
D*
P,

u2vy U202

(IT)

Dl

We will now show that if we post-compose diagram (II) with ug, we get an identity 2-
cell. To show this, we post-compose diagram (II) with us and then pre-compose with the
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invertible 2-cell py, u,:

U1
D A’
ul ug 7TA/ /
u1U1 , U202 _> Pu1 u2 A Pulvl,ugvg ﬂpulvl u2”
/ \ NN /
7rA// pul ug
H RSN VEN u2 A — A// U2
7.r//>‘<
R /quUT,UQiQ Z \ 7 pu2v u2U2
s V2
/ "
Puzviﬂuzﬁ o » D u2v1 ;U202 ﬂ,// — A
!
me \
B I
— u1v1,UQv2 Puyvy,ugvy
D/7T2 %
The first equality above follows from the universal property of the arrow wy, ., and the

second equality follows from the definition of the arrow r. The definition of w,, ,, now
implies that this pasting is equal to

!
™D

> D

Py ugot

ST N

R ———— P, 5, usms Doy Py —
S I
Puyvt uywy, ——— D'

Now composing with an appropriate whiskering of p;llm gives the promised identity 2-
cell. We conclude that there is an arrow us: R — R in 20 such that diagram (II)
pre-composed with @y is an identity 2-cell as claimed. When we substitute this into (83),
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we get the following pasting diagram:

, o r Wuy,ug \)
R > R ’ Pmﬁﬂﬁz Pul,uz Mﬂ

Poot wysy —— D' — w2 — A”
1> ﬂ'D/ v2

We can rewrite this as

2 B

N ~ NV
, U2
R ’ PU1517u252 Wy ug Pul,uz ﬁﬂ B

Tp!

D’ s B

If we assume that (8 is invertible, this pasting is equal to the following by definition of
Wy, v, given in Section 6.9:

R 2 P

U1V1,U202 wvl g v1 g Priv2

AT

D/ B//

When we post-compose this with p; !~ we find that when the pasting of diagram (I)
is pre-composed with @y and post-composed with vy, the result is equal to the identity
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2-cell on v Tp Wy, 4,7U2. So there is an arrow 0;: R’ — R in 20 such that pasting (I)
pre-composed by 7u90; is the identity 2-cell on 7wy, »,7Ue0;. We finally post-compose
with v to find that ~v( is precomposed with ruy7; is equal to

D—7— B
A
T w7 N
~
R" rig?y P P U C
? LuiTy gt wul,u; u1,u2 v
AN
o H WB”\ g2
D —7,— B"

We conclude that diagram (29) given in Section 6.9 and the diagram constructed from
the vertical composition of whiskerings are equivalent as claimed. [

D.2 REMARK. If 5 is not invertible, the 2-cell diagram (82) within the proof above gives
a representation of the horizontal composition. Unfortunately, without further assump-
tions there is no obvious way to simplify this representation.
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